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Résumeé
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Summary

This Thesis is devoted to the construction and development of the probabilistic model

call ed OExperiment al Probabilistic Hypersurfaced
dict some information relying upon the data already  given or calculated. The constru c-

tion can be viewed in terms of propagation of information from the available measur e-

ment points to any unknown one. This propagation is governed by a general principle of

maximal entropy (or minimal information) which is i tself an increasing function of the

distances to measuremen t points. The result is given under the form of a probability law

having a maximal variance for the fixed entropy. The main advantages of the model are

its robustness (there is no artificial assump tions) and its simplicity.

We provide applications first of all to nuclear safety; for example we deal with the co m-

putational code OCATHAREOG6 which <calcul ates the
reactor in case of an accident. A few hundred runs were per formed, and from these few
runs, the EPH allows to evaluate the probability to overstep a given threshold, that is to

go above a certain dangerous temperature. Along with the analysis of uncertainties in a
uniform medium, EPH handles the propagation of inf  ormation in a non homogeneous
space: this is the case for the propagation of the information related to neutrons in the
modern reactors EPR. Another application of the EPH is devoted to a problem coming
from the European Environment Agency: for a given con centration of a pollutant, mea s-
ured by many stations for several years, we reconstruct the missing years and predict
the future evolution.
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Introduction

. General Presentation

This Thesis concerns Nuclear Safety. Let us first explain why Nuclear Safety (and, in
fact, any kind of safety) may require some mathematics.

Let us consider a production system, in our case a nuclear reactor. There would be no
danger if, at every moment, everything was known about the status of the reacto r: all
temperatures, al | flows, all pressures, the remaining resistance of pipes, wires, surfaces,
and so on, and , more generally, all possible physical, mag netic, hydraulic, electrical,
information.

But obviously, in practice, this cannot be the case, despite the fact that mo  nitoring of
such systems is extremely well done. Even when all monitoring systems work correctly,

the information is not quite complete. If, moreover, one monitoring system fails, the i n-
formation becomes more incomplete. And then a mathematical question ar  ises : what do
we know, from the existing sources of information ?

II. Precision and robustness

The information coming from the measurement devices may be precise or not. Of course,
the more precise it is, the better the system is. But the main virtue which is required
from such a system is not really precision : it is a control about the uncertainties. If a
sensor announces 1187°C, we want to know if this is within a 1 degree precision, or 10
degrees, or 100 degrees ; this makes all the difference. This inf ormation about the "conf i-
dence interval" is required by the Safety Authorities, in most countries in the world.

Here also, we see how mathematics come in, under the form of probabilities. One may
regard the indication coming from a sensor as something pur ely deterministic : 1187°C,
that's all. But it is not. No measurement device is totally deterministic ; under apparen t-
ly similar circumstances, it will give different results. Repeating the same measurement,
under conditions which seem to be the same, give s a list of values which may be quite
large.

So, it is proper to represent the outcome of a measurement as a random variable, and

consider its usual parameters, such as the expectation and the variance. This turns out
to be the proper way to consider a me asurement, with its intrinsic variability.
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So, whatever the system produces, even if it works perfectly, is probability laws. And
then, the various probability laws coming from different devices must be combined t o-
gether, in order to produce possible alert s. If one or more of the measurement devices
fail, or simply are affected or corrupted, then the question arises of the mathematical
tools, allowing to correct, or compensate, the existing information : this is the topic of
this thesis.

[ll.  Propagating the in  formation

The main tool we introduce here is the "Experimental Probabilistic Hypersurface", which
allows the propagation of existing information, in a probabilistic manner. A preliminary
definition was given by Bernard Beauzamy in 2004, in the framework o f a contract with
Framatome -ANP, but the complete definition, the construction itself, and the exploration

of the possible applications, started with this thesis, in 2006, in the framework of co n-
tracts with the Institut de Radioprotection et de Sdreté Nucl éaire; see below the par a-
graph "credits".

There are, in practice, many situations were a partial information is known, and one
would like to extend it. Let us list them:

- Temporal extension : the information is known at present, but we would like to r e-
construct it in the past, or extend it in the future. We may also want to reconstruct
missing periods, such as missing years, during which measurements were not made,
or were distroyed.

- Spatial extension : the information is known in one zone, and people wou Id like to
extend it to other zones, which may be inside the previous one, or outside, or both.

Of course, both may be combined: one may want to extend both in time and in space. We
will see later the methods which already exist for such reconstructions.

A rather common remark is: this is impossible, because whatever the measurements are

in the known zones, they may be completely different on the unknown parts. This is
true, indeed. But still, a probabilistic reconstruction is possible, and this is what we do
here. "Probabilistic" means that in most situations, not all, the reconstruction will be
correct, up to a certain precision.

The way EPH works should be best understood as the propagation of an "information
field" in the universe, just as a mass prop agates a gravitational f ield. Such a field, in
both cases, deteriorates with the distance. For the gravitational field, this is governed by
Newton's law. Here, for the information field, this is governed by a principle of maximal
entropy, which, itself, fo llows from a lemma about minimal information. We make sure,
at each step of the construction, that no artificial information, no artificial assumption, is

ever added.
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I\VV. Organisation

The thesis is divided into chapters, as follows:
Part | deals with the theoretical construction of the EPH.

In Chapter 1.1, we present the general construction of the EPH. It is made on the situ  a-
tion of the "CATHARE" code. This code is a thermo -hydraulic computational code, which
has been in existence for man y years ; it computes the temperature in the reactor in case

of a breach. In fact, for us, the use of the code does not matter at all. Mathematically
speaking, we simply have a configuration space, the dimension of which is the number of
parameters (here 5 1), and we have some measurement points in that space (here 300).
The EPH will predict the result of a measurement at any other place : this is a well -
defined problem, mathematically speaking. We have a nice, well defined situation (co  m-
ing from IRSN), on w hich we can build the EPH, and this is indeed how it was built ori -
inally.

In Chapter I.2, we give direct applications of the EPH : on the CATHARE code, using
the existing measurement points, we compute our prediction for other points. We pe  r-
form the follo wing verification : assume the construction has been made on 300 points
only, whereas 20 measurements are kept aside, we reconstruct the values of these me a-
surements, and then compare with the real values. The results are quite favorable, in

the sense that the real value falls into the prediction interval. This is the way usually
used in order to evaluate a model, from a given number of measurements: one builds the
model using some proportion of the measurements and checks its validity upon the r  e-
maining po ints.

Then, we evaluate global parameters, integrated over the whole configuration space.
This answers the question "What is the probability to have a temperature above a given
threshold ?" (in the CATHARE code, the output parameter is a temperature).

In Chapter 1.3, still considering the example of the CATHARE code, we look for "da n-
gerous zones". A zone is a subset of the configuration space ; it is "dangerous" if the
probability to have a high temperature is high. Such a search would be easy, in a low
dimensional space, but it is not so easy in a space of dimension 51, as we have here. Our
search is based upon methods fro m the geometry of Banach spaces; they carry some s i-
milarity with the so -called "Voronoi Diagrams". Then, we show how to classify the pa ra-
meters in order of importance : which ones are most influential in order to control high
temperatures ?

In Chapter I.4, we make a systematic investigation of all uncertainties : how is the co  n-
struction modified if one, or several, parameters are conside red as uncertain ? The basic
uncertainty is about the value of the measurements, but also on the position of the me a-
surements (the value of the parameters where the measurement has been made). Of

Olga Zeydina, Probabilistic Methods for Nuclear Safety 0 Introduction 6



course, due to its probabilistic nature, EPH behaves extreme Iy well, with respect to all
uncertainties in the construction : it is clearly a robust procedure.

Chapter 1.5 deals with the con struction of the EPH when the space is no n homogene-
ous. This particularity is met in a nuclear reactor, the components of whic h are radioa c-
tive materials of different ages. So, important modifications were introduced in the con-
struction . There are some similarities about the propagation of entropy in a non -
homogeneous medium. This chapter will be applied at the end of the Second  Part to the
safety of the Third Generation Nuclear Reactors, namely the EPR under construction.

These five chapters represent the basic construction of EPH, and constitute the first part
of the work.

Part Il is devoted to the study of applications of EPH. As we find out, these applications
are quite numerous, and concern a large variety of fields. The main advantage of EPH
upon existing methods is that it does not rely upon specific assumptions, and therefore is
suitable for situations where a dispute may occur (even a dispute of legal type), depen  d-
ing of the choices one can make. In some sense, the EPH will provide something co m-
pletely honest, on which all parties can agree.

In Chapter 1.1, we present the a pplication of the EPH to Epidemiology: this concerns
the prediction of the number of deaths from cancer, in the Paris Region (lle de France),
from the data from the past. We have here an example of temporal prediction.

In Chapter 1.2 , we deal with an ind ustrial forecast. The situation is that of a metal,
and the industry would like, using existing data, to forecast the demand and the prices.
The existing methods rely on various regressions; we show that they are not adequate
and we point out their drawbac ks. We explain how the use of EPH will provide a better
forecast, with uncertainties. We have here also a temporal prediction.

Chapter 11.3  deals with the amount of pollution in a field (in fact, a harbour). Some
measurements were made, at various places, and they indicate, or do not indicate, the
presence of pollution . From these various data, EPH gives a way of reconstructing the
probable pollution at any place in the field, and thus to compute the global pollution. We
have here an example of a spatial p rediction, both inside and outside the measured
zones.

Chapter 11.4  presents the application of the EHP  for classification and estimation of
industrial objects. We give an example with 10 engines having different characteristics
(both qualitative and qua ntitative ones). One of these engines is found to be defective ,
and the industry wants to decide which ones among the others must be checked first (in
practice, for cost reasons, not all objects can be checked) . So the first task consists in the
constructi on of a proximity index allowing a ranking the remaining objects according to
their proximity to the defective one. Then, we assume that some investigations were per-
formed upon some of the objects according to the value of a proximity index, thus certain
engines were assigned some evaluations of their state . The second task is to propagate
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the collected information to all the other objects using the EPH . The result, when this is
done, is an evaluation of the quality of all objects and a new list : which ones must now
be checked ?

Chapter I1.5 is the main result of this thesis. It deals with the application of the EPH to

the safety of the most recent nuclear reactor, the Third Generation EPR (under constru c-
tion). This re actor is equipped with sensors which detect the increase of neutrons emi s-
sions from a "hot spot". The question is : if one or more sensors fail, what can be said
about the emission of the hot spot ? Do we still know enough, in order to ensure the saf  e-
ty of the reactor ? We solve this question (the anwer is yes!), and, for that, we need to
modify the EPH in several fundamental manners: first, in order to take into account the

fact that here the information is given by neutrons, and second in order to handle the
fact that the space is not homogeneous. Indeed, a nuclear reactor is made of different
parts (usually cylinders), made of radioactive material of different ages. Our construction

was presented and published at the ICAPP conference, Nice, May 2011.

In Partlll , we compare the EPH with existing techniques, both deterministic and pro b-

abilistic. This concerns old methods, such as various types of interpolation, extrapol  a-
tions, linear or not, and more recent ones, such as kriging methods.

Olga Zeydina, Probabilistic Methods for Nuclear Safety 0 Introduction 8



V. Credits

Originally, the idea of the EPH comes from Bernard Beauzamy in 2004, in the fram e-
work of a contract with Framatome ANP (see Chapter 1.1 below for proper reference).
But the EPH introduced at that time was purely theoretical, and most of the parameters
coming in the construction were not clearly identified. This was done by the present a u-
thor, progressively, starting with the beginning of this Thesis in 2006. The work took
place within several contracts we had from that time, mostly with the Institut de Radi o-
protection et de SdOreté Nucléaire, with which we now have a "Contrat  -Cadre". Here is
the list of all relevant contracts :

- Institut de Radioprotection et de Sdreté Nucléaire , commande R50/11026029 du 29
novembre 2006

- CEA Direction de la Protection et d e la Sdreté Nucléaire, Marché no 40003007131,
du 13 octobre 2007.

- Institut de Radioprotection et de Sdreté Nucléaire,  Direction de la Sdreté des Réa c-
teurs, commande DA 79160/CA 11032655 du 4 mars 2008.

- Institut de Radioprotection et de SOreté Nucléaire, Direction de la Sdreté des Réa c-
teurs, commande DA 88958/CA 11039420, du 05/05/2009

- Institut de Radioprotection et de SOreté Nucléaire, Direction de la Sdreté des Réa c-
teurs, commande no R00/31005373 du 05/08/2010, et avenant.

The applications come from va rious contracts we had from that time, including our "co  n-
trat cadre" with the European Environment Agency.

Of course, in all these contracts, there was other work to do, not just to build and apply
EPH, and other engineers of SCM did part of the work.
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Chapter I.1

General Constru ction of the EPH
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. Introduction

We give here the construction of the Experimental Probabilistic Hypersurface, intr o-
duced originally by Bernard Beauzamy in 2004 [Ref I1.1.1] . The EPH provides a way of
"storing" information, under a probabilistic form : if an experiment, or a computational
code, has been executed N times, it provides N results, each depending on the specific
values given to the parameters. The EPH gives a wa Yy of anticipating, with some prob a-
bility, a result associated with values of the parameters which have never been met b e-
fore, or have been lost.

In practice, the EPH consists in a collection of densities of probability, one above each
point of the configu ration space. The density is a Dirac measure (certainty) if the mea  s-
ure has been made at that one point, otherwise, the density is less and less concentrated
when we move further away from measure points.

The construction is based upon a general principle of maximal entropy (minimal info r-
mation) : we should not add any unnecessary information when we build the EPH. We
keep this fundamental principle in all our construction.

The key point in the construction is the propagation of information from a measur e point
to any other point. The Ospeeddé of this propagat
tuned with the rule of maxim al entropy.

The EPH was initially constructed in order to meet a request from Framatome -ANP
(Commande Framatome -ANP no 12A/1003006 066 / 17.12.2003 / PSC), concerning the
results given by a computational code, named « CATHARE ». This code computes the
temperature reached in a nuclear reactor in case of a severe accident ; it is used for s  i-
mulations. The question is : what is the proba bility that the final temperature will be
above a given threshold (namely 1200°C), given the results of a few hundred runs of the
code ?

The code CATHARE depends on 51 parameters (of various types) ; a list of these par a-
meters is given in Annexl . A list o f 321 measures was performed, and, for each measure,
the maximal temperature reached is retained.

In fact, CATHARE indicates the evolution of temperature over time (and usually 3 peaks
appear), but we are interested only in the maximum temperature reached for each expe-
riment.

The computational code is rather slow (several hours for each measure point), so only
few computations can be performed. The general question is : what is the value of the
information provided by 321 experiments, given the fact that we have 51 parameters ? If
each parameter took only 10 values (and in fact most of them are continuous parameters,

Olga Zeydina, Probabilistic Methods for Nuclear Safety 6 Chapter 1.1 15



which can take infinitely many values), then the configuration space has 10" different
points, and the exploration given from 321 values is quite small.
The construction of EPH can be applied :

- in order to find a local probability, that is the probability to have some value above a
certain threshold at a given point in the  parameter space ;

- or in order to compute a global probability, that is the local probability integrated
upon the whole parameter space.

So here, the EPH is built in a space of dimension 51, using 321 measure points. The
computer representation is done us ing Excel files, and the program is made as VBAm a-
cros in Excel. The construction is made in two steps :

a. General formula for the density of probability above each point in the space, combi  n-
ing the information sent by the 321 measure points. This density o f probability is e x-
act (no approximation is made) ;

b. Computation of the global integral of these densities above the whole space ; this
computation is done by Monte -Carlo methods in a space of dimension 51, so it is only
approximate, but we derive an estim ate of the error.

The complete computation of the global probability, in the case of 321 measures ina 51 -
dimensional space, takes only a few minutes on a PC.

The results obtained here indicate that, with the present values, the probability of being

over the threshold is quite small :  2.5x 10™, with error at most 0,02. This opens the
possibility of increasing the power of the reactor, still remaining under the threshold.

The new value of the probability, for a different reactor, would be computed the same
way.

Here, all parameters are taken with uniform laws in their respective domain : it means
that no specific assumption is made upon each of them. But in practice engineers consi  d-
er specific laws upon each parameter (normal, log -normal, and so on), reflecting specific
knowledge for each of them. The present construction may easily incorporate such laws.
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[I. Notation

Let K be the number of parameters used by the experiment or the code. Let ~ X;,..., X, be

these parameters. We set X :(xl, e % ) We write the result of the code as :
t=CTX)=CTk,...x,)

CT stands for "Cathare™ and t represents a temperature.
In the sequel, we will always talk of a  "computational code” (it might as well be a phys -

cal experiment) and the code will be denoted by CT. So these notations from Framatome
will be applied to any situation.

If N measures were performed, we denote by fk(") the value taken by the Kk -th param e-
ter X, for the n —th measure. We put :

A="...9), n=1.N.

This is a point (called the "measure point") ina K — dimensional space. So there are N
measure points A,,...,A, ina K — dimensional space.

For all these measure points, we obtain the values of the temperature ; we denote them

as .

g,=CT(A), n=1...,N.

So, in general, Greek letters ( ,&) refer to values which have been observed, whereas

roman letters ( {,X) refer to generic situations.

We will proceed progressively : building the EPH in the one -dimensional case, for one
measure first, then for several measures, then in for any number of dimensions.
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[ll.  Building the EPH in the one -dimensional case

We start our theoretical considerations in the case of a one -dimensional code, thatis d e-
pending only on one parameter. So let us assume that the code CATHARE depends only

on one parameter : X :Xl

A. Before the first measure

Before any measure has been made, we know (this is expert knowledge) that the te  m-
perature, no matter what X is, must lie between two bounds 1, and {, .. We know

also that X may vary only in some bounded interval X, =[ X, % : in Practice, phys i-

cally speaking, neither the parameter nor the result may take infinite values.

Before any measure is made, all we know is that the result will be in the interval
[tmm,tmax] : this is represented by a uniform law on this interval. So, before any measure

is made, at any point X , our guess for the result is a uniform law on the interval
[tmin ’tmax] .

B. After the first measure

Now, assume a measure has been made at the point X =A, = ¢ ; it gives some te m-

perature 6, =CT(A)).

Since the measure at the point Al gave the precise value 01, we have above this point a
density which is a Dirac mass  : ¢, .

1. Available information

Quite clearly, the total available information has increased, since a measure has been
made. In fact, we have at our disposal two different types of information

- The probability density above a point X derives from the density constructed
above the point A, (which was a Dirac, reflecting certainty). It will not be a Dira c

anymore (since we are not certain of the result at any new point) and will be flatter
and flatter (less and less concentrated) when we move further from the measure
point.
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- The probability density above a point X is entirely supported by the interval
[tmin ’tmax] .

In order to make these statements precise, we need to use the notion of information co  n-
nected with a law of probability : this is the concept of entropy which we now present.

2. Definition o  f entropy

Let p, be adiscrete law of probability (with Z p; = 1). The entropy associated to this

law is defined by the formula :

1
| = ijLog o (1.1.1)
j ]

In Beauzamy's construction [Ref I.1.1], continuous entropy was used, but we will not
need it in the present work.

Discrete entropy is obviously positive (since P, <1);itis equal to O if and only if the

distribution is concentrated at the point Al, since in this case all p,- 6s are 0,

which is equal to 1. As we said, this is a Dirac mass.

When we start moving away from A, the information becomes less and less precise and

accordingly the entropy increases. The Minimal Information Lemma [Ref 1.1.1 ] shows
that this entropy increases linearly with the distance.

3. The Minimal Information Lemma

Lemma 1. Minimal Information Lemm a.
Let Z,,...,Z,_, be random variables, satisfying, for some deterministic fixed value Z :
ngl S"'SZKﬁl SZ )

and assume that each of the Z, follows a uniform law on each own interval of definition.

Then the minimal information is obtained when the value

2 =L Ktk -1

is attributed to each of them. This means that the assigned value is the expectation of each
random variable, with no other assumption than the ordering given above.
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Proof of Lemma 1.

We have random variables Z, satisfying : 0<Z, <---<Z, , <Z and follow ing a uni-
form law, each on its interval of variation. We convert these assumptions into a probabi I-
istic statement, saying that the joint law of the K —1-uple Z,,...,Z, ; has a density
which is proportional to the functi on:

f&pa Ve ) =loycgy .z (Vo Yo ) s
which is O unless all y,,...,Y, , satisfy 0<y, <.--<y, , <Z inwhich caseitis 1.

Now, we want to find pointwise estimates for each variable, with no other assumption.
The only way to do it is to take as an estimate for each Zk the expectation of the ma r-
ginal law for each variable. This gives the formulas :

Z Yk-1 Y2
ff---f)’k dy, ---dyi Ay
E(Zk) = OZ )?K—l Oyz
ff---fd)ﬁ"'dnyzd)kfl
0O O 0
K-1 K
The denominator gives m and the numerator - So we get:

E@Z,) :':<_Z k=1.,K -1

This proves lemma 1.
This lemma will be applied to the entropy ; indeed, we have a bound of the entropy at the

extreme point, and we can consider that the entropy must increase with the distance. So,
each Z, will be the (unknown) entropy, considered as a random variable, above the

Kk - th point.

Let us now apply it to the CT code, and construct the density above each point.

4. Basic discretizations

We may of course assume that the measure CT (X ;) was made for X, =0.

Let 6, =CT(0) .
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Since the parameter space is one -dimensional, we may have values on both sides of 0.
Let [m, M] be the interval of values for the parameter ; it contains 0, where the measure

was made.

Let D be the maximum distance between 0 and the endpoints of the interval, that is
D= max{|rr1 ,M} . We assume here that D =M (picture above).

We fix some K > 0 and we discretize our parameter X as:
x, =—, k=0,..,K, (1.1.2)
We have X, =0 and X, =D.
. . D
The step of discretizationis ¢ = K

Concerning the temperatures, we also write a discretization of the observed values, b e-
tween some {, and 1, , under the form

t =t_ +,j;(tmax t-min),j =0,...,v (1.1.3)

where v is the number of points in the subdivision. The width of the subdivision, for the
temperatures, will be denoted by :

T = -mex o (1.1.4)

In order to construct the Hypersurface, we will compute the probability, denoted by pk,j ,

corresponding to each t; above each X, . These probabilities verify

ipk,j —1,for k=0,..,K.
j=0
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For kK =0,...,K, we have the largest probability for pk,j when J =j0 (since t; =0, is
the only measure that was observed). The probability decreases when J gets further

from jo (both on the right and on the left). In other words, for any K, the sequence ka is

increasing for | <], and decreasing for | >],.

5. Basic properties of the density above each point

We may legitimately consider that the sequence pk,j is symmetric with respect to the

index jo (same decay both on the left and on the right). If we neglect the truncation e  f-
fect due to t;, and 1., (we will come back to this later), this last property will translate

into the fact that the expectation is equal to 90 :

ipk,j t =6, for k=0,..,K. (.1.5)
j=0

Finally, we may legitimately consider that the variance of the law increases when ge t-
ting further from the measure point. This gives

> " p,,; t7 increases for k=0,..,K.
=

So we have enumerated all properties that the probability laws must meet, taking into
account th e physical constraints.

As we saw in formula ( 1.1.1), the discrete entropy |, above a point X, is defined by :
I = _Zpk,j Log p ;-
j=0

It is increasing with k =0,...,K, since we have less and less information since we move
away from the measure point.

At the measure point 0, we have a precise information, so all ~ Py; = 0, except Poj, = 1.

We now compute the entropy at the farthest point, thatisa tdistance D .
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6. Principle of Maximal Entropy

Lemma 2. - Maximal entropy.

At the farthest point, the entropy is that of a uniform law on the interval [tmin,tmax] . This

entropy is:
tmax _tmin
| = LOg|1l++ ==&—mn|, (1.1.6)
T
Proof of Lemma 2.
At any point in the measure space, we know that the temperature must lie in the inte r-

val [t

know nothing else.

tmax]. So, the weakest information is to assume that, at the farthest point, we

min?

The segment [t tmax] is discretized by the rule ( 1.1.3) and contains v + 1points. Since

min?

we have a uniform law, all of them will have the same probability, namely . The

v+1
corresponding entropy is :

=8 ——Log(l #) Eog(l ¥ Log Mmeclmn
izol+n C t

This proves Lemma 2.

We do not know the precise value for each |k , 0<k <K ; so we consider that they fo I-
low uniform laws, satisfying the inequalities :

O=l,<I, << < 4

max

Applying the Minimal Information Lemma, we see that the entropy must increase | i-
nearly with the distance from 0 and, applying Lemma 2, we see that it must take the

value |, atdistance D. In our case, this gives :
[, = —* (.1.7)

Let us now introduce notation which will be useful in the general case (higher dime n-
sions, any measure point).
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If A, is the point where the measure is made (not necessarily 0), the entropy of the law
above any point, in the discretization of the parameter space, can be written as :

=1 =dXA) (1.1.8)

where A is a constant to be determined (independent of Xk) and d(Xk,Al) denotes the

distance between X, and the measure point A, , thatis, in the one -dimensional case :
d(X,, A)=|x, +|.

. . . . : . I
Extensions to higher dimensions will be given below. We note that A= % depends

only on the possible interval for temperature (that is, the interval [tmm,tmax]) and the

"width" of the parameter space, that is the number D.

The knowledge of the entropy is obviously not enough to compute completely the prob  a-
bilities pk,j . So, we assume moreover that on each layer the variance is maximum (we

penalize ourselves). In this case, the pk,j can be computed explicitly, as we now see. In

order to simplify our notation, we omit the index K.

7. Maximum variance for fixed entropy

Let us first observe that, for a fixed distribution of probability (pj) , to maximize the v a-

riance when the entropy is fixed is the same as to maximize the entropy when thev  a-
riance is fixed : the solutions to both problems will have the same shape. The second
problem is easier to solve. The lemma below is already used in [Ref 1.1.1]

Lemma 3. Distribution with maximal entropy, fixed variance

Let pj be a distribution of probability at the points tj , with fixed variance. The distrib u-

tion with maximal entropy has the form of a discrete Gaussian, that is :
p, = expla + Bt + %),

for some numbers «, 3,7 .
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Proof of Lemma 3
This extremality property is well -known for usual Gaussian variables (see for instance
Sobol ev,dchaptdr d@ kroposition 10.2.2, [Ref 1.1.3] ); we present here a discrete

analogue.

Let pj be the distribut ion maximizing the entropy. We have obviously
>_p =1
i
We may assume (modifying the points tj if necessary) that the expectation is 0, that is

> pt =0.
j

If the variance is fixed, that means :

> pt? =02 (1.1.9)
j

Let now qj be a sequence such that (pj + q) is also a probability, with mean 0 and same

variance. This means

> g =0, (1.1.10)
j
> gt =0, (1.1.11)
i
and using (1.1.9),
> gttt =0. (.1.12)
j

Since [ is extremal for the entropy,
—>_plogp >-> (R+qLog(p+Q .
i i
which can be written

ijLog(l+%)+ZqLog P +ZgLog(1+%)20. (1.1.13)

Let p be areal number and let us consider the sequence ,quj , when [t — 0.we get from
(1.1.13) :
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ijLog (1+%)+quLog P +quLog (1+%)20,

1

and thus :

2
1y o +py qlog p +“222_j >0,
j j Y

using (1.1.10) :

2

1y glog p +uzzg—j > 0.
j

j ]

But this must be true for any ¢, positive or negative. This is possible only if :

> glogp =0. (1.1.14)
j

Let Q be the vectorofthe (jds. The cldia),i(ltl.11y, (.4.12) imply respectiv e-

ly that, in the space |2, the vector Q is orthogonal to the constant sequence, to the s e-

quence X = (t;), and to the sequence X* = (t). Property (1.1.14) shows that, if these

conditions are fulfilled, Q is orthogonal to the sequence U = Log p; -

So we see that if Q is orthogonal to the vector space spanned by 1, X , X?, then U is

orthogonal to U . A classical result in Functional Analysis, the «  bipolar theorem » (see
for i nstance Ber nbadk{RefB.E2AH)wskowsrtlyad & is itself in the vector

space spanned by 1, X , X 2 By definition, this means that we can find three real nu  m-
bers «, 3, v such that :

U=a+p8X +9X 2
and, coming back to our original notation
Log p, = a + Bt +t?,

This concludes the proof of Lemma 3.
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8. Form of the probability distribution above each point

Let us come back to our computational code which depends on 1 parameter: t =CT X).
As we said we assumed that one measure has been made at the point A, = &' and it
gives the temperature : 6, =CT (A,) . We now give the form of the probability distrib  u-
tion above each point X =X; in the interval X [xmm, )gnax]

By Lemma 3, Log(p) is a quadratic function of t; (for fixed k), with maximum for

j :jo. So we obtain :
Logp, = —a(t —t )* +b,with a>0.
So the form of the density of probability for any point X is:
pj(X)=exp( -a(g ql)z) b ] =0,..,v (1.1.15)

where a and b depend on X .
Our next step will be to simplify the formula for p; (X) . Also we will express the param e-

ters a and b directly from the point X .

9. Explicit computations of the parameters

Let us first consider the case where A, =0 and 0, = 0. So the P; are all symmetric :

Pi=R.
We have seen that the discrete entropy is given by formula ( 1.1.8):

1(X) = d(X,A) =Mk, —&'|, with A>0.

The parameter A depends on the discretization, namely on ». The choice of A will be
determined by the value of the entropy at the largest distance from 511 to the endpoints,

Xmin @nd X, as an application of Lemma 2 ; this computation will be explained below.

We write simply d =d(X, A)).

max ?

On the other hand the entropy is defined by formula (  1.1.1) :
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.. 1
i pj

SO we can write :
>p, Logi = \d.
j Y

But :

Logi =at’ —b,
P

and so (I.1.16) becomes :

ad t’p —b=Ad.
t

Since the P;'s are symmetric, o® = "t %, , by formula ( 1.1.9), so we have :
t

ao’ +b=\d.
The condition > "p, =1 gives:
j

> e R—
j

So:

b=lLog———.

S0 (1.1.17) becomes :

St
J — — Log _ = \d.

1
Z efatj Z eﬁatj

j j

a

When A and d are known, this equation allows us to find a.

In practice, we can make some approximate computations, as follows.
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10. Approximate computations

Recall that 7 is the step of the subdivision in t (see formula (1.1.4)). If we forget about
the truncation be tween t. and {,.,, we can write :

_at.? :I_+X _at? 1 T
Se™ %—fe di=—. |= (1.1.21)
i T T a
and :
wz 1, e N
te ™ ~= [t di= .1.22
JZ ) TJ; 2ra®? ( )
and (I.1.20) becomes :
1—Log T E]:Ad,
2 s
thatis :
Log[T\/E]:}—Ad,
T 2
which can be written :
a_ —exp }—/\d :
T T
and finally :
a:l’%exp{l-Zd}, (1.1.23)
and :
a 1
b= Log T\F ==—-Xd. (1.1.24)
T 2

So now we have the explicit dependence of a and b as functions of A. We can rewrite
the expression for p;(X) using formulas (1.1.23) and (1.1.24)

2

t .
5 exp 1— 2xd +}—)\d], ] =0,..v,
T 2

p;(X) =c-exp

2

where C is a normalization coefficient, which is 1 if the values t., and U, are suffi-

ciently far from the observed value t; = 0, .
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Set :

The above formula becomes :

CT t?
(X)) = —. __J
p; (X) T exp[ o2 ]

When A, = 0 and 6, = O (general case) we obtain the formula :

P (X)= expge (4- ql) (1.1.25)
! S«ﬁp e 2

So, we obtain an expression for p (X) which contains 3 parameters :

- The distance d = d(X,Aj) between the point X and the measure point ; this distance
appears in the definition of o, which increases exponentially with  d .

- The discretization parameter 7 (discretization with respect to t) : it is known from
the beginning.

- The parameter A which is a global parameter of the model ; it is linked with the
propagation of entropy. We now explain how to compute it.

11. Computing the parameter A

In order to compute the parameter A, we will use the fact that the maximum entropy is
reached at the point which is the furthest from A, (see lemma 2) and this entropy is
equal to(see formula ( 1.1.6)) :

~=Log(l ).
We have the equation :
max ““'max

that is :
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_ Log(1+n)
o d

max

/ (1.1.26)

where ., is the biggest distance from A =X1(1) to any point in the space, that is either

Xmax OF X -

We present this example with an illustration (see below), in whic  h the observed value

Xl(l) is closer to X,, thanto X_,. . Inthis case dmaX:‘xmax -X(ll)‘.

m

Maximum entropy

————— g N____
&

x
-—————a 1t
>
x
[N
x

Figure 1.1.1 : increase of entropy with distance

From the furthest distance  d,,, from Xl(l) to X, (Or X., ), we see how to compute \. At

min

this extreme point, the entropy should not be smaller than | ..« (otherwise we would add
some information).

Maximum entropy

|
|
|
|
.
| -
-
[
-
I

|

I

I

\

|

\

I

\

\ \

| |
|

| |

\ \

I I

1 1

# |

Xrhin x1 >(n‘11ax

i i

\ \

\ \

| |

Figure 1.1.2 : the increase is too small
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If the slope of increase is too large, then the entropy at the extreme point would be above
the known value Log(1+7), which contradicts the fact that a new measure must add

some information everywhere.

Maximum entropy

—_—

Figure 1.1.3 : the increase is too large

We now turn to the case of 2 measures.

C. Two measures, one dimension

We now study the case when we have two measures, at the points A =X1(1) and A =X1(2) .

They give the temperatures 6, =CT(A) and 6, =CT(A,).

When only one measure has been performed, things are simple : the only observation
gives 91 =CT (Al) . We propagate this information, making it less and less precise, but

still the value 6, remains the most probable everywhere.

When a second observation is performed, things become more complicated. Indeed, in
general, 6, =CT (A,) does not give the same result as 6, =CT (A,) . We cannot suppose

any more that 01 is the most probable value everywhere. Now we have two pieces of i n-
formation which are apparently contradictory and w e have to conciliate both.

1. Elementary information from each source

At each point X of the parameter space, we now have two densities of probability. The
first one, simply denoted by p,;(X), is generated by the measure 6, =CT (A, consi-

dered alone :
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with :

where d, is the distance between the point X and the first measure point, and ¢, is a
normalization constant (> "p,;(X) =1).
j

The second density of probability p,; X is generated by the measure 0, =CT (A,) con-

sidered alone :

with ;

We have to conciliate both, and turn them into a single density.

2. Combining the information from two sources

The natural idea is that if the first ~ measure is centered at 0, and the second measure at
0,, the resulting density will have two « bumps » : one around 6, and the other one
around 0,.

Here is the aspect of a possible gra ph, with 6, =1, 6, =1.4.
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Figure 1.1.4 : a possible graph in the case of two measures

Quite naturally, we consider that the resulting density s (X) will be given by a formula

of the following type
p(X)=g @,(X) & p0X (1.1.27)

where 0 < Mo < land v, +7, = 1 Indeed, we need to have a density of probability : we

cannot just add th e two densities [;; and P; .

These coefficients ~y, and ~, depend from the distances between X and A, and between

X and A,. So we consider them as functions of X : g ,(X), for fixed measure points.

The function gZ(X) can be viewed as the "proportion of influence of the second source

upon the information at the point X ". In order to find a shape of this function, we will
start with a simple case: A, =0 and A, =1.

If X =0, we are at the point A, and the influence of the second measure has to be zero,
so g,(0)=0.If X =1, we are at the point A, and the influence of the first measure is
zero and g (1)=1 - 1) 6. Moreover, quite obviously, this proportion of influence of

A2 may only increase when we get closer to Az.

The Minimal Information Lemma tells us that, under these circumstances, we may co  n-
sider that g ,(X) is linear. Since g,(0)=0 and 7,(1) =1, we get 1,(X) =X and

1(X) =1-X .
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We obtain that 7,(X) is the distance between X and A, :
9(X)=d(X A) $x |,

and ,(X) is the distance between X and A, :
g(x)=d(x A) $x |

An important remark is that the statement that ’yZ(X) is a linear function of X is cor-
rect only when X belongs to the interval [Ap AZ]. It has to be modified outside thisi n-

terval.

In order to have 7, +, =1, we have to divide 7,(X) and 7,(X), previously found, by
their sum.

So we obtain a formula for the resulting density ~ p;(X), which is correct for any X, A,

and A, :

d, d
pj(x):d1+d2 gJ(X) m QJ ( X)’

where d; =d(X, A) #x ¥’ and d,=d(X, A) Fx 7|,

d
We notice that the denominator of g (X) = " +2d depends on the distance d,, namely,
1 2

on the position of the measure point Az. This representation could cause confusion when

having more than two measure points. That is why we rewrite the expression for g (X)
in the following way

1
d
X)=——1

B Sl
d d

_ a’
d1—1+ d2—l

(1.1.28)

So, the formula (1.1.27) for the resulting density  p;(X) becomes:

d* d,*
pj(x):m R, (%) W B; (%)
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3. Computing the parameter A, case of two measures

We have one more parameter to compute, thatis )\, denoted here by A,. We now explain
how to compute it. We will use the same principle as above.

First, we have to find which point among A, and A, gives the largest distance to Xmax OF
Xmin - Second, using this point, we compute the entropy at the furthest point and obtain

the entropy which gives the maximum, namely  Log (n +1) , Which leads to the equation:
Log(n+1) =4 dQ, (1.1.29)

where :
L (e S (L E

This gives a practical way to compute A, : first, one computes d,.,, and then one uses
equation (l.1.29).

2)

For example, in the picture below, the distance between Xl( and X, is the biggest.

Maximum entropy

Xmi

>
N
x

RS- S R " V. S —

e S e ——

Figure 1.1.5 : increase of entropy with distance with two measures

The entropy in the point X = X nax» With respect to )(1(2) will be the maximum, that is:

Log(n+1), so /2:%.
Xnax = X1
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D. Any number of measures, one dimension

1. Combining elementary densities

We assume now that we made N measures A,,...,A, and obtained N temperatures

0,,...,0y . The resulting density at the point X will be of the form :

P (X)=gmn; (X)) +. wr,;(X (1.1.30)

where p,; (X) represents the density of probability above the point X resulting from
the sole n -th measure. The coefficient -, depends from the distances between X and

the different points of measure A,,...,A . We call it "influence of the n -th measure".

Set d, =d(X,A,) as the distance between the unknown point X and the measure point

A .

The coefficient ~, must satisfy the following properties
N
1. 0<q, <land ) ~,=1;
n=1

2. If dn =0, v, =1 (at the point A, , only this measure has an influence) ;

3. If d =0,al v, =0, except n =i where ¥, =1 (atthe point A, the points A,
have no influence) ;

4. Ifall d are fixed, except 0., the coefficient ~. is a decreasing function of d, (one
gets further from the n -th source of information) ;

5. If all the di are fixed, except dk, k = n, the coefficient ~, is an increasing fun c-

tion of dk (we get further from the Kk -th source of information).

Using the formula (1.1.28) derived in the case of two measures, we extend it for the case
of N measures:

%:Nf: , nh=1...,N (1.1.32)
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Here the parameter p depends upon the characteristics of the model, that is upon the

physical experiment which is performed. It is related to the propagation of the inform a-
tion and to the way we combine several pieces of information. In a one -dimensional

space, as we saw P =1 (formula (1.1.28).

In this way we obtain the representation of  p,(X) for each x| [xmm, X | in the case of

N measures is the following :

1 (1
p(X)=x—|7

> 10 %

i=1

1
Py +- +d—H,j , (1.1.32)
N

where pn’j(X) is the density corresponding to the n —th measure, that is :

() =—3 & = (-a)
e e s
with :
e
0‘ prg
" e
and d, =d(X, A) :*=)£ A n=1...N.

We observe that the formula defining  p, (X) is symmetric with respect to the set of o b-

servations : the order in which they were made does not matter. This condition is 0  b-
viously necessary : the result should not depend of the order of the computations. Both
for a computational code and for a real -life experiment, the results obtained at each trial
are independent of the order of the trials.

So, as we see, each new piece of information (each new computation) m akes the density
of probability more precise : it « shrinks » it, and this effect is stronger if the measure
point is closer.

The definition of these densities of probability allows us to incorporate all the available

information, no matter when it was ob tained. All the results, even the old ones, are
worth using : they contribute to the global information.
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2. Computing of the parameter A inthe case of N measures

Assume we made N —1 measures, and we computed the coefficient >\N71, by the form u-
la:

Log(n+1)
Ina==g

max,N- 1

where :

o 4}

dmax,N- 1= max, 4,.N 1ma){‘ X min 'X(:)

When we make a new measure fN , we have more information than before. Then, for N
measures, Ny <\ ;.

So, we compute the value : d__ :max{|x

max|

K| {1 Xmax A+ D } and we compare

min

dmax,Nfl and dmax,N .

If d, > O, , then we have to recompute Ay :
, —Log (n+1)
N —_—— .
dmax,N
If dion < Oraxn_1 then we keep :

3. Truncating the probability laws

In practice, we do not work with discrete Gaussian, which would be infinite in both di-
rections ; we have to take into account the fact that we are working with bounded inte r-
vals:

tj i [tmin’tmax]’ Xll’ [Xmin’ )gnax]

If some measure point is close to the one of the endpoints of the interval, in the formula :

(tj - qn)2

a
c.t s Vi O]
@& 2s?
¢

(X)= €X
pn,J( ) Sn—\/2_[7 p
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with :

and d, =d(X, A) $x 7

not be equal to 1.

, the coefficient C, (called "normalization coefficient”) will

This coefficient must be computed for each measure point ; its value is, by definition,
given by the formula :

o ° L
J2 s a (t.qg) 00
c, =2 2F expZ® —(' %) 00 (1.1.33)
t o ge 2 & 60
c =
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I\VV. Building the EPH in the many -dimensional case

So far, we have worked on a one -dimensional space : the code CATHARE depends only
on one parameter. We will now see how the construction must be modified if the code
depends upon many parameters, as this is usually the case.

We now assume that CATHARE depends on K parameters : t =CT X,,...,X,) and N
measures are made. The result computed by this code is written in the form:

=CT(A) <T(¥.. ¥
G =CT(A) =T( ... ¥
We want to build the Hypersurface at the point X =(X,..., % ).

First of all we have to define the bounds for each parameter at each point. We set :

& &Y, X, e[kam,kaax] for K=1...K and q,..., @i [ty tmad-

The distance between points in the space with K parameters is the usual Euclidean
distance. We set for n =1,...,N,

2 2
a,=dx A) 5(x &) .+ (x ¥)
A. Preliminary normalization of the parameters

1. Necessity of normalization

In practice, we can meet a situation where all parameters have  completely different o r-
ders of magnitude.

As an example, we present the bounds for some parameters which were taken from
0OCATHARESG

First parameter X, €[0.455,1, 10" : X, € |-52, 71, 16" : x, € |4 130 000, 4 390 00

and so on.
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So, in this case the parameter which has the largest distance between X, and X, Wwill

min

give the biggest influence for the collection of the densities s (X) The form of the

Hypersurface would strongly depend on this fact. But this cannot be correct, because in
general, we do not know which parameter is more
all of them equally, at least in a preliminary stage. So, the width of the interval of vari a-

tion cannot be a criterion of importance.

In order to have an equivalent influence from all parameters, we have to normalize all of
them and bring the interval of variation of each X, to be [0,1], k =1...K . This is done in

a very simple way : if a parameter X varies in a interval X € [x min’ xmax}, the parameter

X —X o
—_Tmin_ variesin [0,1].
X . —X

max min

2. Densities after normalization

We will show that this normalization does not change the form of the density. We do it in
the case of one parameter (K =1).

We have to prove that the densities of probabilities Py, j =0,...v have the same

X —X
—~mn_ %€ 0,1. In other
X —X

max min

value when both Yy =X, % [ %, %] and y = X', x; =

words :
p,(X)=p(%), ] D...nn

In order to prove this, it is enough to compare everything which contains dn (because X
appears only in the formula for distances).

Let A’ and d’ indicate the values in the normalized case. We have to show that :

1) N-d =X\,
1 1

2) Ndr: = Ndn
2 e

The measure points A, , have also to be normalized :
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o - - %

V=1 “mn 0,1
Xll Xmax_ Xmin [ ]]
We have :
. Log(n+1) )
1) /i, iz T ‘Xlo R{( =
Xhinor max = X1 i
_ Log(n+1) 8 %) 047 %)
(Xminor max Xmin) '(X(ln) Xmir*) ‘ Xax = Xmin
Xinax = Xmin
— Log (/7 +1) ‘Q Xén) XmaO' Ximin LOg_( /7+]) d ’ﬂn
Xminor max ~ Xgn) XmaX - Xmin dmax )
and similarly :
Xinax = Xmin 1 1
e - x(n) — —
2) dr‘ = ‘Xl M Xoax ™ XKnin A CL _CL
N . Xnax = Xmin Xnax ~ Xmin Xnax = Xmi IJ 1 N.
d +... + ax mn.— 4 +—
AXA L ) oty Qe

This proves our claim : the renormalization does not change the density.

B. Case of 2 parameters.

We now assume that our code depends on 2 parameters : t =CT (X) =CT & ,x ) .

We made one measure at the point A = (Xl(l), é%)) and we obtain g, =CT( 9 .
Also we define the boundaries : %, X T 8% i X max £ X572 % 1 8%, miow Xo, max §
and gl [t thad-

So, we get one point Al in the space IR? and we build the Hypersurface in the space  RR®.

In the general case, if we have K parameters, the equation t=CT K,..X,) deter-

mines a surface in the space R*™.
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In the case of 2 parameters (or, more generally, in  the case of K parameters), each point

of R* has a density above it. These densities must be less and less concentrated, when
we move further from the measure point : this is the same as in the case of one pa rame-
ter. The entropy must increase linearly with the distance to the measure point, and the
Gaussian distribution maximizes the variance for a given entropy : this is the same as in

the one-parameter case.

So the densities are of the form (see formula ( 1.1.15)) :
p,(X)=exp( a1 B,

The fact that the discrete entropy increases linearly with the distance gives the equ a-
tion :

104, %) =/ ( yd(X, A)

with d(x,,q):\/(g -xf))2 [ 9)2.

But on the other hand the entropy is defined by formula ( 1.1.1). So, we have :
1
>op Logp— =Ad(X A)
i i

We make the same substitutions and approximate computations as previously and we
obtain the expressions for a and b :

a:l'%exp{l-Z’d(X,Al},
and

b:%—)\d(X,Al)

Finally, we obtain the expression for the collection of densities for the case of 2 param  e-
ter and one measure :

A 2
¢ . 2 (-q)
(X)= épxe L L 1.1.34
p]( ) S\/Z_,U p? 252 ( )
with :
Te/\d
0’ _=
2me
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2 2
and d=d(X, A) :\/( X Xil)) (alg 9—) . So our expression is identical to the one

obtained in the case of one parameter.

We compute A using the same principle as before ; the furthest point gives the max -
mum entropy (see formula ( 1. 1.26))

Log(n+1) =4

max?

where :

dmaX:max‘;é\/(me -)((11))2 (_+X2,m %))2 :

and X, stands either for X or X

1,max 1,min ?

the same for X,

C. Case of K parameters and N measures

1. General form

Finally our code depends on K parameters and N measures were performed.

Let X be any point in the space ; let dn, N =1...,N be the Euclidean distance between

X and the measure point A .
The general form of the collection of the densities above each point X is:
P(X)=p(% % X) TR B(R ..+ g&X P, (&} (1.1.35)

where p, ;(X) represents the contribution of the  n -th measure, given by the formula :

2 2
(0= 5L g (%)
" s2p E 2s?
with :
et
0‘ prg
" 2re
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and d, =d(X,A,), n =1...,N . As before, ¢, is a normalization coefficient ( > p,; =1
j

for all n), taking into account the truncation between t_;, and t__ .
The coefficients q/n(X) in the formula (1.1.35) satisfy :
Y(X) +-. +%n(X) =1,
and all of them are of the form (see formula ( 1.1.31):
= n=1.N

2. Combining elementary information

In order to specify the exponent p, we need a Lemma, taken from the initial constru c-
tion presented by Bernard Beauzamy [Refl.1.1 ]:

Lemma4. -Bestexponentina K dimensional space

In a space with K parameters and N measures, the value P =K is the one which
represents the minimal information. In other words :

¥y = (1.1.36)

Proof of Lemma 4.

We may legitimately consider that the coefficient p does not depend of the number of
measures that have been realized.

Let us consider the case of two measures, in dimension K , according to the following
figure :
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R

Figure 1.1.6 : two points of measure ment and their influence s

Here, A, and A, are two points of measure and X is any point in the segment ALA, .

Let d, be the distance between X and A, (this is the radius of the first ball in the above

figure) and d2 be the distance between X and A2 (this is the radius of the second ball).

We come back to formula ( 1.1.27) :
p(X)=g @,(X) #r0OX (1.1.37)

where ’yz(X) represents the proportion of influence of the second source A2 at the point
X . Quite obviously, at every point of the ball B, this proportion of influence will be

larger , becausethese points are closer to A, and further from A, .

The same way, quite obviously, at every point of the ball Bl, this proportion of influence

will be weaker : these points are closer to A; and further from A,.

Assume that these balls have been discretized by m,; points z inside the first ball and

m, points z (I =M, +1,...,m, +m,) inside the second one.

Let Zi be the random variable representing the proportion of influence of the second
source at the point z and Z be the random variable representing the proportion of i  n-

fluence at the point X . This proportion of influence being unknown, as we already did in
the Lemma of Minimal Information, we assume it follows a uniform law. The variables

Z, respect the following relations
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In other words, their joint law  of the (m +m)-uple Z . has a density which is propo r-

tional to the function :
FYees Yoy o Yo Yot oo Y o F L (oY Y Y oY (1.1.38)

where V is the volume :
V={(yl,...,yn1,y, VAP VARSI 11: S O VAR VAR RN SRS VAN }:

This function is 0 unless all Yireeor Y 0 Yo Ymer v Yig 4 satisfy

0CY, ¥ & $iv ¥y 5 inwhichcaseitis 1.

Notice that here we do not care about the order of Y,,....¥, and Y, .;,...1Yy 4+ iN Other
words, they need not be increasing in order to satisfy the inequality:
yl,---,qu; y ¢y”l+1""'yni+ﬂi'

Following the same logic as in the Minimal Information Lemma, the value attribute d to
Z has the following expectation :

v dy...dy, dydy,,... dy .,
E(Z) =¥ (1.1.39)
FHY;---dy, dydy,,;... dy .,

\%

In order to compute this integral, at first, we must compute the volume of V .

Let us denote V ’the volum of the ordered V.6 s

VS { B Yoy o Yo Ygr oo Yoy ) IR™E0 0y 6 y¢ yCy ¢ o g ,¢h

Then the volume of V is the volum of V' multiplied by the number of all possible com-

binations of Y;,....,Y, and Yo s Vi

vol(V) =m,!'m,! vo(V") (1.1.40)
Then, the computation is exactly the same as in the Lemma of Minimal Information : the
m,!'m,! m,'m,!(m, +1
denominator of (1.1.39) gives ——2— and the numerator gives ——2 (m, + ).
(m; +m,)! (m; +m, +1)!
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We obtain the expectation for Z :

m, +1

EZ)=———"—.
m, +m,+1

But the number of points m, in the ball B1 is proportional to the volume of this ball,
which is itself proportional to dlK (recall that K is the dimension of the space). The

same way, the number of points in the ball B, is proportional to d; .

So we get:

d d,”

X o p—
1)~ G E TGk 4 df

and

dy d”

X)=1—~,(X) ~ =

and, coming back for the formula (1.1.37 ) :

_4p (X)+d e, (%)

di K + d2-K

p; (X)

Have N measures, we get :

d d~

Zdi,K ) éYN (X) ~ Zdi,K

1(X) ~

(1.1.41)

which proves the lemma 4.

So formula (1.1.35 ) takes as the final form :

N
> 4 n,

p,(X) = H—— (1.1.42)
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3. Computing the parameter A
The coefficient of propagation A, dependingon N and on v, is given by the formula:

_Log(n+1)
- d

/ (1.1.43)

max

where :

bz, maf e, AT+ (5. 8

2 |
[
Al

where X, ., stands either for X, .. orfor X .. and the maximum is taken over all poss i-

ble combinations of max and min.
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V. Limitations of the EPH model

A. The choice of the distance

We have chosen the Euclidean distance. This kind of distance is commonly used in eng -
neering. We also use the |, distance at some places, dealing with probabilities. ~The EPH

could be built with any distance, but we did not perform this construction here, neither
did we try to investigate comparisons between distances.

B. Linear behavior of the entropy:
In the basic model, the entropy increases linearly with the distance; this is a cons e-
guence of the "minimal information lemma". But when we deal with non -homogeneous
spaces, the increase becomes piecewise linear. This is not really a limitation of the mo  d-
el, rather a c onsequence of the assumptions.

C. Discrete and continuous entropy:

Why did we use discrete entropy rather than continuous entropy ?

As it is well -known, continuous and discrete entropy do not coincide, for a probability
law.

Continuous entropy is defined as :

+f (t)Log — dt

where f is a density function ( f > 0 and ff =1).

Discrete entropy is defined as :

1
Eqs = ZpiLogH

where (p) is a sequence satisfying p. > 0 and Zpi =1.
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Both represent a measure of the precision of the information : if the function f is very
concentrated, E_ diminishes ; on the contrary, if the function f becomes flat, E_ in-
creases. More precisely, if f tends to be concentrated at a single point (a Dirac measure),

then E, — —oo ; take for instance the sequence of functions :

1
o2

f(x) = exp(—x?/2 ¢ with o =1/n,when n — +oco.

On the other hand, if f becomes flatter and flatter, then E, — o0 ; take for instance

the sequence of functions :
1 . .
f.(x) = o if —n <X <n, 0 otherwise.

Similar properties are true with the discrete entropy E, : it goes to +oco when the se-
quence P, becomes less and less concentrated, but tends to O when this sequence conce n-
trates : the lowest value is obtained when one of the  p,'s is 1 and all the other are 0, and
in this case E, = 0. Also, quite obviously from the definition, E, > 0 in all cases, which

is not the case for E_.

The problem with these definitions come from the following facts :

Take a continuous density f and discretize it : consider intervals Ij of equal size ¢.

Then define for all | :

p :ff(x) dx

Then you can define both E_ and E,. We would expect that, when the intervals become
smaller and smaller (that is, when 6 — 0), E; becomes closer and closer to E_. But this
is not the case. In fact, E, > 0,no matter what ¢ is, whereas E_ may very well be < O.

The precise relation is as follows :

Proposition

When § — 0, E_ ~E, +Log()
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Proof of Proposition

Fix 6 > 0 and define each p; . Then:

i 1

1 1
Xj:p, o9, S| [ 09 ax ngf(x)dx

|
J

Let, foreach |, X; be the center of the interval Ij . Then, when 6 — O,

ff(x) dx ~ 6f(x)

So, we get for E;

1
E, ~ of (x.)Log ——,
; ij (x;) ogéf(xj)
thatis :
E, ~ 55 1(x,)Log - 155" f(x)Log
k) TS
But :
5 f(x)Log = (x)Log—dX
Z f (%
and :
6Zf(x)~ff(x) dx =1
So we get :

Eq %Ec+Log%

which proves our claim.

Conclusion: in practice, one should always work with the discrete entropy, because in
real life phenomena only the discrete distribution (pj) is known. This discretization co r-

responds to a loss of information. Assume that some phenome non is highly concentrated
(f is a Dirac measure). Then, if some interval of width 6 is chosen and if the (p,) are

defined above, some information is lost : we know now that the phenom enon lies in one
interval. So E_ can be close to —oo (very concentrated phenomenon) and still E; > 0,

1
they are related as follows: E, ~ E, +Logg which explains the difference between

both.
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D. The ways to represent the information

In fact, the entropy is not the only way to  represent the information. O ther attempts
were made: for example, to represent the information as using the memory size needed
in a computer, but these other definitions turned out to be not so convenient for comp  u-
tations. So, finally, the concept of entropy appeared to be the most efficient one.

E. Dependence from the discretization

The EPH construction does not depend so much on the discretization choice.

In order to show it, | et us take the simplest case with one measure point A in a one di-

mensional space and let us consider two situations:

min

- We discretize the interval [tmax ] with 77+1 points and the step of subdivision

equal to 7 ; then we calculate the probability  p, (X) (j=0,...n7) for some unknown

point X (X, A);

- We discretize the interval [tmax ] with  27+1 points and the step of subdivision

min

equal to %; and we calculate the probability — pj,(X) (ji=0,...,27) for the same u n-

known point X .

Proposition:

We have, under the previous assumptions :
Pj.(X) i(X)
p;(X)° ]lT +Hj,( X) —% where t, =t;,

Proof:

Let us write the detailed formulas for all the elements:

a

ct (t - ql) . teldx.A) Log(1+n)
(X)) = exp® -1 th s=—— and [/ =—2"""
pJ( ) < '_2,0 ge g wi I_Zpe an q_
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and:

. a t - 1t/2) - 2 5/ id(X, A)
(x)=_°F eXpae((J /.)2 4 Lt _ Log(L+27)

| = and /i
PJi-1 siN2p ? 25 sze i d_
: cit a (tl j q1)2 : t/2@/ 1A . Log(1+ 1)
pla(x):simesz 25 P with SZW and /|:d—
g max
cit a ((t +t/2) - 16)2 t/2®/id(x,/-\l) Log(L+ 27)
pji+l(x) = exp® > with s=—-"—-——— and /ji=———*
si2p ® 2si J2pe O

In order to simplify the computations, let us consider the case when t,=q.

Thus, we get:
p (X)=fm/ @ sy %=

_pji'lz(—x)w;i(X) 4p¢_2(><> e 27 (1 @t p (-2 §% )

So, as we can see, there is not an exact coincidence between the two situations. But, still,
this diffe rence is quite small.

F. Dependence from the min and max values
The result of the probability calculation depends on the choice of t and t_, values,
especially, if an unknown point is situated near these borders. This dependence could be
explained by the main assumption of the EPH model: we rely upon a general principle of
maximal entropy, that is a minimal information is represented by a unif orm distribution

between t,, and t__ . Indeed, changing these boundaries, the probability to fall into a

n

given temperature interval will be changed.

This dependence should not be considered as a drawback, bu t rather as a connection
with real life processes: all of them have their physical boundaries.
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VI.

Annex

I: List of the parameters for Cathare

Variaoble Nom Type de Loi Min Max M&zf:o'lﬁf : Ecart-type
n normale)
1 Coefficient DNBR assemblage chaud crayon chaud Uniforme 0,455 1 0,7275 -
2 Coefficient DNBR c¢ 1 ur Unifoyme n 0,455 1 0,7275 -
3 HTC aval FDT cfiur mloyagNormale 0,351153 5,18435 1,349259 1,566269
4 HTC aval FDT assemblage chaud crayon chaud Log-Normale 0,456265 3,161981 1,201124 1,380778
5 Température moyenne pastille crayon chaud Normale 0,865 1,135 1 0,045
6 CL branche froide Uniforme 0,8 19 1,35 -
7 CV branche froide Uniforme 0,8 1,9 1,35 -
8 ti grappe en décompression Log-Normale 0,235957 3,451408 0,902432 1,563846
9 QLE branche froide Uniforme 1 10 55 -
10 TMFS Uniforme -52 71 9,5 -
11 ti grappe aval front de trempe Log-Normale 0,001619 6,176324 0,1 3,952847
12 ti grappe amont front de trempe Log-Normale 0,228722 2,063201 0,68695 1,442798
13 Volume d'eau + ligne de décharge (m3) Uniforme 30,9 32,6 31,75 -
14 Ligne de décharge (m) Uniforme 245 29,8 27,15 -
15 k/a? ligne de décharge Uniforme 800 1900 1350 -
16 Pression accu (uniforme : bars) Uniforme 4130000 4390000 4260000 -
17 Enthalpie liquide (J) Uniforme 109430 213020 161225 -
18 Gamma Uniforme 1,32 1,4 1,36 -
19 FDH crayon chaud couronne 1 Constante 1,892 1,892 1,892 0
20 FQ crayon chaud couronne 1 Normale 2,265 2,793 2,529 0,088
21 Axial offset crayon chaud couronne 1 Constante 0 0 0 0
22 Cote de piquage crayon chaud couronne 1 Constante 1,8288 1,8288 1,8288 0
23 FDH assemblage chaud Constante 1,768 1,768 1,768 [o]
24 FQ assemblage chaud Constante 2,364 2,364 2,364 0
25 Axial offset assemblage chaud Constante 0 0 0 0
26 Cote de piquage assemblage chaud Constante 1,8288 1,8288 1,8288 0
27 FDH crayon chaud couronne 2 Constante 1,152 1,152 1,152 0
28 FQ crayon chaud couronne 2 Constante 1,555 1,555 1,555 0
29 Axial offset crayon chaud couronne 2 Constante 0 0 0 0
30 Cote de piquage crayon chaud couronne 2 Constante 1,8288 1,8288 1,8288 0
31 Pression primaire Uniforme 15300000 15700000 15500000 -
32 Niveau pressu (%) Uniforme 64,1 68,1 66,1 -
33 Température moyenne primaire (°C) Uniforme 302,4 306,8 304,6 -
34 Niveau GV (%) Uniforme 34 54 44 -
35 Puissance nominale (W) Uniforme 2770000000 | 2830000000 [ 2800000000 -
36 Coefficient CV + FB en décompression Normale 0,61 1,39 1 0,13
37 ti downcomer Uniforme 1 39 20 -
38 QLE 3D Constante 1 1 1 0
39 ti branche froide Uniforme 0,01 1 0,505 -
40 Encrassement GV 1 Uniforme 1 1,15 1,075 -
41 Encrassement GV 2 Uniforme 1 1,15 1,075 -
42 Encrassement GV 3 Uniforme 1 1,15 1,075 -
43 Excentricité couronne 1 Uniforme 0,2 08 05 -
44 Excentricité couronnes 2&3 Uniforme 0,2 08 05 -
45 Pression dans la jeu pastille gaine couronne 1 Uniforme 9400000 17400000 13400000 -
46 Pression dans la jeu pastille gaine couronnes 2&3 Uniforme 9300000 9600000 9450000 -
47 Coefficient sur la loi de fluage Qa couronne 1 Normale 27745 30697 29221 492
48 Coefficient sur la loi e Nérinalea g Q8652 clo u 21620 n g 120086 478
49 Coefficient sur la 1 oi d eCofistantea gle Q6 colur olhhne |1 0 0
50 Coefficient sur la loi de fluage Qa couronnes 2&3 Normale 27745 30697 29221 492
51 Coefficient sur la | oi dle MNoérmateg e| Qash52c ojur 21520 e § 2 HE36 478
52 Coefficient sur |l a | oi dle Coistarsegel QbOcoyr onnes | 2&30 0
53 Débit primaire Uniforme 21724 22375,72 22049,86 -
54 Loi de puissance résiduelle Normale -3 3 0 1
55 Beta Constante 0,00585 0,00585 0,00585 0
56 Durée de vie Uniforme 0,000014 0,000018 0,000016 -
57 Doppler Constante 0,00752 0,00752 0,00752 0
58 Modérateur Constante 1 1 1 0
59 Température 1S1 Uniforme 7 50 28,5 -
60 Température 1S2 Uniforme 7 50 28,5 -
61 Débit IS 1 Uniforme -3 3 0 -
62 Débit IS 2 Uniforme -3 3 0 -
63 HTC FL coté secondaire Uniforme 112 14 1,26 -
64 HTC CNL coté secondaire Uniforme 0,46 1,85 1,155 -
65 HTC CNB coté primaire Uniforme 0,5 2 1,25 -
66 FTC CFV coté primaire Uniforme 0,5 2 1,25 -
67 Coefficient CV en régime C9 décompression Log-Normale 0,266175 3,065651 0,903327 1,50277
68 Taille de bréche Uniforme 0,5 0,9 0,7 -
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Chapter 1.2

Direct applications

of the EPH
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In this Chapter, we present direct theoretical applications of the EPH ; numerical exa m-
ples will be treated later.

I. Reconstruction or prediction of data

The first use of EPH concerns the reconstruction of missing data, or the prediction of
future ones (this is the same, mathematically speaking).

*

Assume that N computations have been made. We have a new point X~ = (X, ..., X, )
and we want to predict, or to reconstruct, the value of CT at this point, that is we want
to predict t’ =CT( X )

First, using EPH, we bui Id the density of probability pj(X*) at the points t; :

(twae tiin)s § =0,

11
3.

j min

(see formulas (1.1.3) (I.1.4) and (1.1.42))

Then the reconstructed or predicted value will be  simply the expectation of this probabi |-
ity law, that is :

t=ET) =31, p,X) (1.2.1)
j—=0

We give several examples below.

A. Computing a local probability

We can use the EPH in order to compute the probability t hat the temperature

t :CT( )()at a given point X will be in some interval [Tl,Tz], where T, >t . and

T, <t .- Such estimates are useful for a risk analysis.

This probability is computed by a simple sum :
J2
P.{T.¢t ¢} & p(X) (1.2.2)
i=i

where j, and |, are the indexes satisfying t; ~T,, t; ~T, respectively.
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B. Computing a global probability

Here we deal with the global problem : what is, globally, the probability that the te m-

perature lies in some interval [Tl,Tz} ? By "global", we mean : integrating over all poss i-

ble values for all parameters. More generally, we will solve this question when each p a-
rameter has a prescribed variation interval.

First, recall that all input parameters ~ X,...X, lie in the interval [0,1].

We assume that each parameter follows a uniform law in this interval : this means that
we have no information at all on any of them, except the fact that they are between 0
and 1. The construction could easily be modified in order to reflect the information that
some parameter follows a prescribed law.

Let us define, for each parameter X,,...X, , a sub interval of variation:
xI[A.B]1[01.

Let A,B denote the product :

[AB]:é [A.B].

We want to compute what is the probability that for X1 [A, B] the temperature

t =CT (X)) will fall in some prescribed interval [Tl,Tz}.

Iz B
For this we have to integrate the function — § s (X) over XI [A, B] . As previously, the
i=i

indexes |, and j, are chosensothat t; ~T,,t, ~T, respectively.
The requested probability can be written :

> 1 51
Piagih ¢t ¢T} fig A A adm(X) dx... dx
K A

A i=h

For instance, the global probability that CATHARE gives a result above T, =1200C is:

Pasa{t? T} - AP (% %) dx... dx (1.2.3)
0

01i%io
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It is not possible to compute such an integral directly : first, we have a very complicated
function to integrate, and second, we must integrate K - times over each X, : this makes

it impossible to compute each integral using discretization. Therefore, we will use
Monte -Carlo techniques in order to estimate the integrals.

For our technical computations, we use the macros in Excel, where we have a prepr o-
grammed function F(T) , which computes the distribution function of the Gauss law :

I g (t-q 1
F ()= e -
q, s() I ,_Zp seXer 252 g’

So, we introduce this distribution function in our equation ; this gives :

1

Pyosar{t? To} n aﬁgnoo( F L (T)) dx... dx (1.2.4)

o n=1

1. Monte Carlo method to estimate the integrals

We will use the Monte Carlo method in order to estimate our integrals. It is simple to
perform and it gives good results [Ref 1.2.1].

Assume that we have some function R(X)= P( Xpeons gg) which is continuous in the r e-

gion of integration : D=[a,h] {a,b] 3. [4&,R]. We would like to estimate the
integral 1 (R) = ffR( X) dX.

D
We choose at random M points X; :()‘1,1'---' )$<,1) D :( Xy o0 % M) in the region
D : x..l[a.0b] k=1....K and m=1...,M, with uniform law. We compute the

value of the function R(X_) at each of these M points and take the average of these

values. By the strong law of large numbers [Ref 1.2.2], this average converges almost
surely towards the required integral. Let :

SM(Q::(Q'%) M(tp ak)male{ X,) (1.2.5)

Then :

S(R- AR X o

when M — +c0.
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The difference between S( R (approximate value) and | (R) (true value of the integral)

can be estimated, using the Central Limit Theorem  [Ref.2.3]. It gives in particular :

PllS, (R —I(R 2 vol(D) 0.0
|M()—()I>T}<.5 (1.2.6)

where o is the variance of R(X), X :(Ul,...,UK), and each Uk follows a uniform law

on[a.h] k=1..K.

2. Explicit computation of the integrals

We return to our original problem and introduce:

N £ (t-g,) f
R(X)—glgn(mmexp% 257(X) ;plt. (1.2.7)

This is the (estimated) probability to be above the threshold TO at the point X.

We take M =1 000. At random we choose values for each parameter X,,..., X, , accord-

ing to a uniform law in the interval [OZI] and we repeat this M times (so, at total, we

have M -K samples).

When this is done, the integral of R upon [O,J]K is given (approximately) by the average

of the evaluations of R at all these sampling points. Let Xl,...,X,\,I be the sampling
points ; we have :
1N
P {t2 T} vE:! R(X,) (1.2.8)
m=1

The choice of number of points M depends on the precision we want.

We denote by | (R) the precise value of the integral :

|(R)= .. RX) d... d

The error is given by the formula ( 1.2.6) :

S(R- (8] & vl 0
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1 1
But in our case D:[O,]]K and [dX = [...] dX =1
foc- ]

0 0

Also we know that s (R) <1, because we are working with the interval [OZI] , so finally

we have:
2

[S(R- (R <4

With probability 0.95 we have a rough estimate :

1M 2
M%R(Xm)- (R N (1.2.9)

If we want to get more precise result, we have to take a larger number of points.

C. Computing the maximum of local probabilities

We showed how to compute the global probability that the temperature lies in some i n-
terval [Tl,TZ].

It may happen that the global probability is small, but still a few sampling points give a

high probability. It means that, at some points of the parameter space, the temperature
may become very high, though it is low on average. In order to detect such points, we
investigate the maximum of local probabilities.

In the present case, none of the observed values gives a temperature above the threshold

1200°C, but this does not mean that it cannot happen somewhere, at another point. So
we want to compute the quantit vy :

max, P {T2 T}

which will indicate the most dangerous point ~ X.

In order to find the maximal probability we will again use a Monte Carlo method. Among
all probabilities which are given by the sampling points we choose the biggest :

P wx {12 T} max{R(X, )} .m £...M,

where R( X,) is defined by formula ( 1.2.7).
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ll. Safe regions and dangerous regions
For physical investigation, it is quite interesting to be able to know where are the safe
regions in the parameter space and what are, on the contrary, the dangerous regions.

When, as it is the case here, all observed temperatures are low, all points which are close

to some measure point A, will have a small probability to be above TO, because in this

case all densities of probabi lites will be concentrated near the temperature

g,=CT(A). All these oOsafe pointsoé wilA wibsomstitute

radius which we will call ~ d*. We denote this safety ball by B(A,, ¢&™)

Thus the safe space of our GRH (where we cannot have a big probability to be above T)

consists of the union of N safe balls with centers at  A,,...,Ay:

GRHsafe :L,\ZIJ B( Ah’ qzafe)

The rest of the space will be considere d as dangerous.

The value of the radius d,fafedepends on the accepted probability. For example, we

maydecide arbitrarily that we consider as "safe" a situation in which P{T>T} <0.02

We now show how to compute this safe radius.

The local probability to be above T0 is given by the formula (1.2.2) :

j=jon % n 1= ]

P{t>T) A &g B9 agny  @(¥ 210

The contribution of the n -th measure is :

a 2 0
i nooct (t -qn)
(X) = n é&pe !l "/ O
8. 8 vep M s o
¢ - (1.2.11)
o n~ ] (t_ a,
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We make a change of variable u = t—6, , SO (1.2.11) becomes :

On

> Py (X) & fefT du:l—F[TO_Q”], (1.2.12)
To—th

i=io n

n

where F is the distribution function of the Normal Gaussian law.

The equation in the formula ( I.2. 12) indicates the densities of probability which are sent
by the n -th measure for any point X . As we said if we want to be in a safe area then
the probabilities should not be bigger than 0.02, so we have :

Oy

1-F [TO — b, J < 0.02,

and

F [TO — O ] <0.98 (1.2.13)

On

In the table for the Gaussian function we find that the fractile of 0.98 is 2.05, that is :

To—6 505

and

n (1.2.14)

d,

We know that o, = , SO the expression (1.2.14) becomes :

2re
4 < %In [ “Zfe .Tozggn] (1.2.15)

Here the value of )\ is computed using formula ( 1.2.10), so the value of d*** depends only
from the value of 6, : when 6, goes closer to T, then d°*® decreases and the smallest

d***will be for the measure point which  has the highest temperature. Numerical exa m-
ples are given below.
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[ll.  Numerical computations connected with the code CA-
THARE

Here we consider the real code, with its parameters and the observed temperatures. We
build progressively and completely the Hypersurface and we compute the probability to
be above a threshold.

A. Description of the parameters

Cathare contains 68 parameters. The precise lis t is given in Annex 1. All parameters
have their respective law (it may be uniform, normal, log -normal and constant laws). We
do not care about the constant parameters (they are simply withdrawn from the list),
and we assume a uniform law for all others (w e indicate below the way to use other
laws).

So we are left with 51 parameters, following a uniform law. The bounds for each par a-
meter are known.

B. Description of the measures

In this experiment 330 measures were made, in which 9 of them gave wrong result s,
namely temperatures for them were zero. So, we will use only 321 measures : ~ A,...,A;y,
which indicate accordingly 321 values of temperature  0,,...,0,,,. The highest recorded
temperature is 1 166°C.

C. Choice of the boundari es for the temperature

All values of 0,,...,0;,, lie in the interval  |903C, 1166C|. For t_ . and t, . we have to

n

take an interval which is wider.

We have to be careful with the choice of t because if we choose t, near the thr e-

max? X

shold TO (here the value of this threshold is 1200°C), then, of course, the probability to

be above T, will be extremely small.

On the other hand, if we choose t uite large : .., >T,, then we penalize ourselves.

man

So, we define t.;, = 900C and t,,, = 1300C . The step of subdivisionis 7 =1C.
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The value of v is given by formula ( 1.1.4) :

and therefore r = 400.

Recall that, first, we have to normalize all parameters and bring them to the interval

X —X .
[0,1]. For this, each X is replaced by min

max min

D. Case of one parameter : Practical computation

1. Case of one measure

We consider that our code depends on one parameter (we take the first parameter :
6Coefficient DNBRO) and we assume that one measu

A =0.19and 6, =CT (A) =1127C .
In this case d., =[1—0.19= 0.8 and:

/(A= LogiJI (n+1) _Locg)j.(8410])

max

We put /,( 7) in our expression for p,(X) :

(%)= e (1)
i \/_ ? 25
with :
7_e/\d
o = ’
J2ne
&, & &0
n t. -
and: cz—— s\2p exp® ( ' ql) 00 see formula (1.1.33)
4 t Y e 28 o0
a pj(x) c c -

In this way we obtain the collection of densities above each point X .
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In order to present the concrete example we take the point X = 0.6 and we present the
graph of the function p;(X) for t his point :

X=0.6
0,10
0,09
0,08
0,07 /\
s 006 ’H\
S 005
5 oo [
0,03 [ 1
0,02 I \
0,01 [\
0,00 /] \
o o o o o o o o o o o o o o o o o o o o o
°C

Figure 1.2.1 : the shape of the probability density for X=0.6
The coefficient ¢ =1 and we see that the largest probabilities are concentrated near the

temperature 1127°C, because this is the one we observed. But higher values of the te m-
perature have non -zero probability also.

2. Case of N measures

Now we consider that 321 measures wer e performed and we will see the form of prob a-
bility for the point X = O (for example).

First we find which measure point gives the biggest distance  d

max *

d,, =d0 A,)=|0—0.9996= 0.999

So we have:
Log(n+1) Log|( 40
,=Leolr+y Lool40y o qq,
d_ 0.9996
We put A, in our expression for p,(X) formula (1.1.32):
1 1 1
p(X) =x— |7 Py +- TR
N

> 14 (%

i=1

In this way we obtain the collection of densities above pointthe X = 0.
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We present the graph of the normalized discrete function P, (X) for this point :

X=0

0,10
0,09
0,08
0,07
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0,05
0,04
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0,02 3
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0,00 i i A

proba

=
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e
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920

940

960

980
1000
1020
1040
1060
1080

3

1120
1140
1160
1180
1200
1220
1240
1260
1280
1300

o 1100

Figure 1.2.2 : the shape of the probability density for X=0

In this case, the expectation of t, =CT(0) is equal to 1027°C.

3. General case

We now consider the general case : our code depends on K =51 parameters and 321
measures were performed. We are going to present how to build the EPH for the point

X" =(0.5,..,0.9, taken as an example.

We will compute the probability that at this point the temperature in the reactor is
above 1200°C.

The probability to be above the threshold is, by formula ( 1.2.2) :

p.{t21200d} ® {1200c"t et }¢ & p=(X |

i=i
inour case : t, =1200and t, =t =130C.
Step 1. We first compute / ( /) For this we make 321 computations :

For the first measure point ( N = 1), separately for each parameter on it, we compute the
maximum distance to the vertices of the cube. We set :

m, :max{‘xf)‘ ,‘1 - é?‘} k=1...K
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In this way we find the biggest distance from the first measure point to the corners of
the cube :

d, = \/mil+ oM
The same way, for the second measure point ( N = 2), we set :
m,, :max{‘xﬁz)‘ ,‘1 - é?)‘} k=1...K

and :

2 2
d, = «/m1,1+ co My
and so on.

Among all 321 distances we chose the biggest : In this way we obtain the global d

Ay =max{d}, n =L,.. N

In the case of our 321 measures, we find dmax =5.72.

From this, we deduce the value for /= A ):

_Log(n+1) _Log( 403}
- d 5.72

max

/ E048.

Step 2. We compute the coefficients C, using formula ( 1.1.33) :

o

(tj ) qn)z

" 2§

n

s2pis
l

a
exp®
A P

1288
I
L
>

We present the graph of the function  p;(X") for t; =t ...t

slmax -
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Figure 1.2.3 : The form of the probability at the point X

Step 3. We compute the probability to be above 1200°C. Following the method indicated
above, we get :

P.{t 21200C} %9 16"

Also from this graph we see that the most probable values of the temperature

t' :CT( )() lie in the interval [1030’C : 104&}. We compute this probability:
P.{1030Cc ¢ m40d~ o8
E. Quality of the construction

In order to investigate the precision of this answer, we perform the construction using
300 measures only ; the last 21 ones will be used for the validation .

As before we start with computing A ; for 300 measures, we get A=1.051.
We repeat the construction at each of the 21 points left for tests :

We take the point A,y, for which we have the temperature 6, = 1018C | calculated
from the code CATHARE. Using only 300 measures we build the density of probability
for this point and we compute the probability that the temperature T= CT( %01) wil | be

inside the interval [gy,,- 50C, g, 50C].
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For the point Ay, we compute the probability that T =CT( A,) will be inside the i n-

terval [gy,- 50 C, g, 50C], where by, =1126C and so on.

The results obtained for the 21 points are presented in the table below.
The quality of the construction for any point depends from two factors:

- first, the distance to the neighbouring measure points. If they are too far,
then the reliability of the result is lower;

- second, the value of the temperature at the closest measure point.

Since these factors are important , we put them also in our table :

Test points Azo1 Aszoz Aszo3 Aszos Asos Asos Asor
Observed 1018 1126 1001 1068 999 1017 951
temperatures, °C
'”ter;‘:‘;;%r"ﬁ;’”}pcu“”g [968 - 1068] | [1076 - 1176] | [951-1051] | [1018-1118] | [949-1049] | [967 - 1067] | [901 - 1001]
Probablllty to be inside 0.98 0,02 0,30 0,45 0,92 0,15 0,96
the interval
D'Stance;gi:le closest! 5 o6 2,02 2,05 1,89 2,07 1,99 1,87
Temperaturg atothe 082 1045 1055 983 1031 941 913
closest point, °C
Test points Asos Asoo Azio Az11 Asz12 Aszi3 Aszig
Observed 993 1142 991 1041 1122 1072 1033
temperatures, °C
Intervals for Computing| o3 1043 | [1002-1192] | [941-1041] | [991-1001] | [1072-1172] | [2022- 1122] | [983 - 1083]
probability, °C
Probablllty to be inside 050 0,01 0,70 0,96 0,89 0,11 0,72
the interval
Distance ;(c))i':le closest 2,00 2,13 2,03 2,00 1,94 2,05 2,02
Temperatur_e atothe 1037 1017 1028 1012 1079 997 1044
closest point, °C
Test points Asis Azis Azi7 Azig Aszig Aszo Az
Observed 977 1031 1020 1063 999 1033 1060
temperatures, °C
Intervals for Computing| 1957 _107) | (981 -1081] | [070-1070] | [1013-1113] | [949-1049] | [983-1083] | [1010-1110]
probability, °C
Probablllty to be inside 062 1,00 0,97 0,59 0,28 0,77 0,57
the interval
Distance ;(c))i':le closest 215 1.77 1,82 2,10 2,10 2,03 1,94
Temperatur_e at the 1018 993 1017 1017 1052 1037 1009
closest point, °C

Figure 1.2.4: Reconstruction of the test points
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So, in all cases, the distance to the nearest measure point is more than 1.77, which is not
small compared with the biggest distance in the whole space : the largest distance in the

hypercube [0,1]*" is J5l~ 7.14,

Since the distance between each result point and all measure points is large, the interval
we indicate does not always contain the value of the temperature at the closest point.

For instant, for ~ A,,, the observed temperature is 1126°C , and the interval around it is
[1076C ,1176C]. The closest point has temperature  1045C , and this temperature is

not in this interval, which, therefore, will have only a small probability.

All these facts indicate that evi dently, it is not enough to have just 300 measures to fill
whole space. But still they provide some information, which we used.

F. Computing a global probability

Here we take again 321 measure points and we solve our original question : what is the
probability that for all possible X (in the 51 -dimensional space) temperature in the nu c-
lear reactor will be above T, =1200C 2

We saw above that this probability is given by :

o o f o
PGRH{tz To} (I)’]..O d :1gn(x)_ BWGXD’} m ;ﬂt g% d)&

l'e/( ,)dn

Vzpe

with s, (X)=

Using Monte Carlo method, we write :

Prelt? T} - ge%g(an—: L e (o) it
T MmN §(X) T 250(X)

With M = 10 00C we obtain :
Pra{t2 T} %25 20%°

with Error < 0.02.
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Even if we change the upper bound t__ and chooset,,, = 2000C , we find :
Pra{t2 T} 7.3 20%.

Let us take another threshold : TO =1100C . In this case the probability to be above is :
P.r{t21100C} ©.03

We can check roughly this result :

Among 321 measure points, we have 18 for which the temperatures are more than
1100C , if we divide 18 by 321 we obtain 0.056 : this is the same order of magnitude as
before.

G. Computing the maximum of local probabilities

At the same time, when we compute a global probability using  the Monte Carlo method,
we also find the biggest probability :

I:I>0caI_MAX{t2 To} °max{ R( Xm)} ,m 1:, ,M

We obtain :
I:I)ocal_MAX{t2 TO} 019 206

It is still very small. Mathematically speaking, it means that the probability to find a

1
oint in the space with largest P, is equal to —, in our case
p p g local_ MAX q M 0 000

Now, we would like to compute d***. Recall that d** is the radius of a ball centered at
the measurement A, . This ball is constitutedby 0saf e pointsoé6 for which t
be above the threshold is equal to 0.02.

The smallest d,fafewill be for the measure point which has the highest temperature. The

highest temperature which was observed is 1166°C, so thatt he smallest djafe is less than
(formula (1.2.15)):

gze < Lin| Y2 To — 1169 _ 4 o3
T T 205 |
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Remark: The volume of hypercube with side 1 is equal to 1 and the volume of the hype r-
sphere, with radius R=4.03 in a 51 dimensional space is equal to:

Viyperspere = 4.5 107, Recall that this volume is given by the formula  [Ref1.2.4] :

k
2R

m

where | is the Gamma function, K is the dimension of the space and R is the radius.

V, =

Conclusion: This chapter presents the main applications of the EPH by means of the
numerical examples based on the code CATHARE. These examples together with the
validation tests show the efficiency, utility and robustness of the model.
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Looking for dangerous zones
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. Introduction

This Chapter is devoted to the search for dangerous zones : these are the zones, in the
configuration space, where the temperature may be high (that is, above a certain thr e-
shold). The preliminary knowledge, fo r this information, using the EPH, is quite inte  r-
esting : from a small number of runs of the computer code, the EPH allows us to find the
dangerous zones. Once these zones are characterized, one may concentrate further runs
of the code inside them. In othe r terms, the EPH allows a preliminary characterization,
which will save time and efforts, in terms of number of runs : they will be concentrated
where the true need is.

An essential point is as follows : the dangerous zones are first characterized by am a-
thematical property (greater proximity to hot points than to cold points), which is quite
analogous to Voronoi diagrams (see [Ref | .3.2]). But these diagrams cannot be explicitly
constructed if the dimension dis high and the number of points n is large, since the

complexity is in n"'?,

In order to find the points situated at maximal distance to a given hot point, inside a
diagram, we have to use a construction of probabilistic nature :  we choose a random di-
rection and we measure the attained distance, still remaining inside the hypercube.

But this notion of "random direction" is by no means obvious : it depends upon the norm
which has been chosen. In a first part, we show what mistakes  occur frequently (this is a
fairly general problem) ; then we give the correct construction for the probability law,
and we apply this law to the search for the farthest point. We finally characterize the
temperatures which have been obtained.

The search algorithm may be iterated ; the second step occurs inside an hyperplane, the
third inside a space of co -dimension 2, and so on. We show what modifications must be
brought to the algorithms in order to execute further steps.

The numerical conclusion of the present study is that the probability to be above the
threshold of 960°C is zero, for any possible configuration of the parameters. Therefore, it
might be possible to increase the power of the reactor, still remaining below the safety
threshold.
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ll. Pre sentation of the problem

We are working now with another computation code , named LOFT. The purpose of this
software is the same as that of the code CATHARE: to compute the temperature in the
nuclear reactor in case of an accident. This code depends on 42 parameters and 322 tests
were performed. The highest recorded temperature is 955.8°C.

The notation is that of Chapter I. 1

All parameters are supposed to be normalized : we bring the interval of variation of each
x, to be [0,1], k =1...K . We denote by GRH =[O,ZI]K the space of parameters : it is a

global reduced hypercube.

We let t;
val as :

and t_ . be the extreme values of the tempe rature ; we discretize the inte r-

_ j :
t. =t +(t - =0,...,v.
n(max mln)’J Ov vV

where v is the number of points in the subdivision. The width of the subdivision, for the

. t -t
temperatures, will be denoted as before : 7 = -T&—mn
1%

All values of 0,,...,0,, lie in the interval 534.7C, 955.8C|. The upper and lower

temperature boundaries are fixed following an expert knowledge. So, we define
tin =933C  and t,,, =1300C. The step of subdivision is 7 =1C,

p = e —lmo _ 767

T

Recall that A isthe global parameter of the model which is related to the entropy (pro p-
agation of information). It governs the construction with the distance

In order to compute A |, firstly, we compute d__, :

Oy = MaX{ Ay -0y ad -

In our case d,,, =5.69, sousing the formula (1.1.26) we find :

_Log(n+1) _Log(768
- d 5,69

max

/ E16¢.
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The global probability to be above the threshold T0 is :

-O:Q: O
<
o}
A

L \ 1 : fl G
Poait? Tof °N)-- 9.(X) 3 exp; ~———~ (dt ¢
glbl{ o} p o &5 . ?53'§(X) T 25,?()() y
where 7,(X) is defined by :

o
D 4"

i=1

Th =

In order to compute these integrals we use a Monte Carlo method.

At random we choose M = 10 00C sampling points X where each of them is made of

K = 42 parameters (at total we have M xK samples lying in the interval  [0,1]).

Then the global probability is equal (see formula ((1.2.8)) :

Pgloba{tz To} _a R( Xm)

m=1

where the function R( X) is (1.2.7):

R(X)=8 00 i )epr Lal gm

The same way, the maximum of local probabilities is :

I:I)ocaI_MAX{t2 TO} :max{ PX{ t q6}}

The maximum of local probabilities corresponds to the point in the configuration space
with highest probability for high temperature.

The maximum of local probability is computed from  the sample, by the formula :
Fl)ocaI_MAX{t2 To} Omax{ R( Xm)} y m 1:,,M

We are going to compute the probability to be above several thresholds To-
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Ill. Dangerous zones

To start with, we choose a value for TO which is inside the interval of the observed te m-

peratures. Let us take T, =900C .

We would like to find the zones in the hypercube where the temperature has  a high
probability to be above this threshold. Quite naturally, this may occur in the neighbo r-
hood of the measure points where the observed temperature was high.

Here is a list of all measure points with high temperatures :

Measure points Temperature , °C
A 921,13
A 908,72
A 938,76
Ago 924,65
A71 914,06
Ao 926,11
Asso 906,51
Az 916,91
A 928,05
Azs 955,76
Az 913,36
A217 907,64
Az 954,44
Az 906,44
Asss 944,41

Figure 1.3.1 : list of measure points with high temperature

Thus, there are 15 points with a temperature exceeding the threshold T, = 900C .

We denote their set as H and the set of all other measure points as C (so that C con-
tains 307 points). Let H, = A, be the first pointin  H . Let C, be the first pointin C.

We consider the hyperplane situated at equal distance between  H, and C,. On one side
of this hyperplane, the distance to C, is smaller than the distance to H,, and on the
other side it is the reverse. So, on one side of this hyperplane, the influence of C1 is

strongest, and on the other side, the influence of  H, is strongest.

Olga Zeydina, Probabilistic Methods for Nuclear Safety o Chapter 1.3 80



Therefore, on the side which contains C,, the temperature cannot be above our thres -

hold, if we consider only the influences of the two points  H, and C,.

So, if we consider H, versus C,, the influence of H, can be felt only in the half -space

containing H,.

Now, let us compare H, and C,. We draw a similar hyperplane, at equal distance from

both points; and the influence of C, will be stronger on one side.

Figure 1.3.2 : One hot point and the two cold ones

The two half -spacesintersect on the shady area on the picture above : on this area only
H, may have high influence : on all the other parts of the space, this influence is beaten

by that of C, or C,. So, let E(H,; C, C,) be this portion of the space.

We now introduce C; and the corresponding hyperplane, at equal distance between H,;
and C,. The intersection of the half-space containing H, with E(H,;C,C,) gives a
smaller portion of the space , which we denote by E(H,;C, C,, C)) and so on.

For each cold point C,, we introduce the hyperplane at equal distance between H, and

C.. We take the half-space containing H, and the intersection of this half-space with

E(H,;;C,C,,...,G ;) which this gives E(H,;C,C,,...,GQ).
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So, at the end, E(H;;C,C,,...,C,,) is a convex set, intersection of half -spaces This con-

vex set will never be empty, since it contains at least the ball, centered at H,, with the
, |
radius: r = Emln dist(H,C));k =1...,307

Its shape depends of course on the disposition of the points.

Analytically speaking, E(H;;C,C,,...,G) is the set of points in the hypercube which
satisfy 307 linear inequations, so it is easy to describe.

The set E(H,;C,, C,,...,G ) is the set of points in which H, has more influence than any
of the cold points.

Now, we proceed the same way for the rest of the hot points: H,,...,H,.. We obtain the
sets E(H,;C,C,,...,.C,,), éE(H,: C,C,,...,C,,). Each of them is the set where the

corresponding H, may have some influence.

Now, the dangerous zone is the union :
15
DZ = JE(H,;C,C,...C4)
j=1

of all the zones of influence for all hot points.

Let us t ake the highest observed temperature ; in our case this temperature is equal to
955.76°C and it was observed at point H,,. In all its zone of influence, the point  H,, will

propagate a probability law with mean value at 955.76°C. When moving away from H,,,

this law becomes flatter and flatter, as we know. This has the following consequences :

- If we take a threshold below 955.76 °C, such as 900°C, the probability to be above
this threshold will decrease when moving away from H,, ; this is clear, since the

900
quantity & p is increasing.
I=t

min

- If we take a threshold above 955.76 °C, such as 1000°C, the probabilit y to be above it

tmax
will increase when moving away from H,,, since the quantity g p, is increasing.
1=1000

So, the points for which the quantity P{T2 'I;} is maximal, for a value of a threshold T,

which is above all observed values (such as 1000°C, here, which has never been o b-
served) must be search in the domain of influence of the highest measure point. More  o-
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ver, they must be searched in the part of this domain which is a s far as possible from
this measure point.

What we describe here is a special case of the so -called "Voronoi Diagrams". The Voronoi
Diagram associated with a set of points A is a division of the space into regions, such

that each region consists in the points which are closer to one of the ~ A's than to all the
others. But the construction of Voronoi Diagrams in high dimension cannot be done in

practice : it requires N*/2 operations (here 32221). It seems that "approximate Voronoi
Diagrams" would take fewer operations (see [ Ref 1.3.1]) but we have not investigated this
concept.

We note that the equation of each hyperplane is very easy to write. Let (hl, h() be the

coordinates of any of the hot points, (q, q<) the coordinates of any of the cold points.

The hyperplane separating both points will have an equation of the form :
(h-g)x + h &x ¢

for some a, since this hyperplane is orthogonal to the vector (h- c,....h -G ). And
since the hyperplane contains the middle point, its equation is :

(-a)x + th @x (F 98 - (h PSS

Let simply E(H,) be the influe nce cell E(H,;C,,...,C,,,). Mathematically, the problem of
finding the point in  E(H,) with largest distance to the point H, can be described as

follows:

Take any direction D, that is any line passing through H,. On D, find the intersection
with all the 307 hyperplanes, and take the closest. Call d its distance to H, ; then the

farthest point is obtained for the D for which this & is maximal : this is a non -
differentiable min -max problem known to be a NP-hard problem . There is no satisfactory
analytic solution to this problem in hig h dimension (see [Ref 1.3.6]).

A satisfactory approximate solution would be to simulate a certain number of directions
D at random ; this requires that these directions are expressed using spherical coord  i-
nates and a uniform law on each coordinate.

In a high dimensional space, the influence sent by each measure point depends only on

the distance : take any point in the space, it receives its strongest influence from the
closest point.
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So, this leads to the concept of "Voronoi D iagram " (see for instance [Ref 1.3.2] ). The Vo-
ronoi Diagram built upon a set of points A, is a partition of the space ; each diagram D,
is a simplex (intersection of halfspaces) consisting in the points which are closer to A,
than to all other A, .

However, the full construction of the Voronoi Diagram is impossible in high dimension :

it requires a number of operations of N*/2 (N is the number of points, and Kiis the di-
mension ; here K =42).

In order to present more suitable algorithms, let us first state the problem precisely.

We start with on e point, the me asure point with highest temperature. Letus call it  H,.

In our case, this is the 175t™ point, and it gives the value 955.76°C. We have set a thr e-
shold T, =900 C and we have 307 measure points below this value. Let us call them

C., m=1..M with M =307 (H stands for hot, C for cold).
Our problem is as follows :
Find the point X in the space [O,]]K such that :
d(X, H,) is maximal (1.3.1)
satisfying the constraints :
d(H,, X) ¢ d(G,, X) forall m=1,...,M (1.3.2)

Here, d denotes the usual euclidean distance. In fact, we will always work with the
square of the distance, dz, so this is a convex problem, with convex constraints. Some of

them are linear : since the point X is in the space [O,:I]K, all its coordinates x, must sa-

tisfy :
o¢x a k=1,..K. (1.3.3)

In fact, as we already said, all constraints may be taken to be linear. Let us introduce
the hyperplane E_ which is equidistant between H, and C_. Let f_(X) =g, be the eq-

uation of this hyperplane, then the constraints (  1.3.2) may be replaced by the set of Ii-
near constraints :

f.(X)2e,or f (X)¢te, foral m=1..,M (1.3.4)
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The constraints 0¢ x, @ are of the same type ; they mean that the reques ted point must

lie in some half -space. So we have the following problem, of geometrical nature : find the
point which is farthest from a given point, inside the interse  ction of a large number of
half -spaces. Here, we have 307 + 84 = 391 half -spaces

Of course, the solution occurs when the constraints are "saturated", which means that
some of them become equalitie s. In a space of dimension K =42, the intersection of K
hyperplanes is a single point. So the solution should be sought among the intersections

a391
of 42 hyperplanes , which are boundary points. But there are %2 such intersections :
¢

this is a huge number :

539083704294009379237733804282742635194158449893355862000, and these interse c-
tions cannot be enumerated in practice.

The problem : find the farthest point from a given p  oint, in a simplex, is not feasible in
practice, in high dimension, from a deterministic and ¢ = omputational point of view. We
will need random algorithms.

Let us finally observe that the solution of problem ( 1.3.1) (1.3.2) (I.3. 3) above (the farthest
point) is not exactly the solution to our problem of highest temperature. Let X, be the

solution of (1.3.1) (1.3.2) (1.3.3). Then X, will probably be on some boundary, which
means that for some m we will have d(H,, X,)=d(G,, X,) ; in other words, X, willr e-
ceive the same influence from H, and from the cold point C_ . So we will have to "bac k-

up" a little bit, and the solution of our problem of high temperature will be a point X,,in

between H, and X,, and very close to X,. Inother words: H X, =aH,X,, forsome a,

O<a 4, very close to 1. The precise value of a will be determined experimentally. We
now concentrate upon the search of X .
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V. Random search

So, we will use a random search algorithm ; this algorithm will produce random dire c-
tions, starting from the point  H_, and each of these directions will be explored in turn, in

order to find the farthest point.
Since we have no a priori knowledge about the directions (none is privileged), we need a
uniform algorithm, that is an algorithm which returns all directions with a uniform law.

This is not as easy as it seems, as we now see.

A "direction" is defined by the choice of a point on the unit sphere, for the euclidean
norm, centered at the point H,. So we need to construct a uniform law on the unit

sphere.

A. Preliminary remark

If one takes a uniform law on the components of a vector, and then  normalizes the vec-
tor, one does not get a uniform law on the normalized vector.

Quite often, people do the following :

- They draw a sample for a random vector (x,...,X,); €ach x  follows a uniform

law, for instance on the interval  [0,1] ;

- And then they normalize, that is they replace each  x, by

- % : N,
Yo = , so thatindeed @ Y, =1.
2 n=1

)g

Q:=

=1

People often think that, if you take the vector X =(x,...,%, )with a uniform law, and
then normalize it, the normalized vector Y :(M,..., y,) will have a uniform law on the

unit sphere, or, if one prefers, that all portions of the unit sphere have the same prob a-
bility. This is wrong.

In mathematical terms, the radial projection of the uniform law on the unit hypercube is
not the uniform law on the unit sphere.

Let us see this on a very simple example, dimension 2.
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One takes two random numbers x, and x, with uniform law between O and 1. This

means that we have a uniform law in the unit square [0,]]2.

For each x, and x,, we consider the normalized vect or :

- X
e
_ %
e

and we want to find the law of this vector, which is on the unit circle.

Fixany g, 0¢qg (% :

e

Figure 1.3.3 : Uniform law in a square and on a circle

The point Yis on the arc AC if and only if the point X is inside the triangle OAB. The
area of this triangle is :

If 0¢qg t% area(OAE):tar;@)

tant - q)
it 2eg ¢f, areq0AB=1 — 2 1
4 2 2 2tang )
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Let f(g) be the density function of the vector Yand F(g) its repartition function. We

get:

f 0¢q cc%, F(g) = 21@)

2
it Peg of Fg)=1 —2
4 2 2tan@)
since f(g)=Fi( §, we obtain :
It 0¢g c%, f(q):ﬁ)
i '%(l:q ¢§‘, f(q):m

Here is the graph of this density of probability :

1_

0.4

0.2

Figure 1.3.4 : Graph of the projected density of probability
We see that it is not at all uniform !

Let us compute the probability of the intervals

8 |
=50 ¢ &
1Il ([17 10;
_e2p p
| =42

271720 ¥ 10
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yo,

Both have the same width, namely 1—0 and the second one is centered around

I

get:

P{ Il}:F%ipT) g-,_——ta”(é’/ 19 g.162¢

¢4 20 20
a_ap 6. B pc
=2 F L,—
T8 ®w ¢
ap P 0
=1 -tan - 4 4905
& 10 2

So there is a considerable difference between both probabilities, despite the fact that
both intervals have same width.

The same mistake would occur if we would project upon a hyperplane, instead of the unit
circle, and would occur as well wit h other laws (not uniform) : the ratio between the area
of the sector (on the circle or on a hyperplane) and the area of the triangle is not co
stant.

We would have the same warning, or mistake, for the |, norm, thatis 3§ |>g| :

X
To generate uniform variables X, on [O]] and then replace them by — kK is wrong,

a X,

j=1
because we do not obtain this way a uniform law on the unit sphere. This is clear on the
following example (dimension 2) :

A

P1/ P2

v

Figure 1.3.5 : projection of the uniform law in the square to the segment
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Assume we take random variables (X;, X,) with uniform law on the segment [O:I]
Then, the number of times the point with coordinates (X;, X,) falls into the triangle
ORR is proportional to the area of that triangle. B ut the normalized point
X, ’ X,
X1+X2 Xl +X2
angle ORR. But the area of the triangle depends upon its orientation : for given length

is in the segment Q, - Q, if and only if the point (X, X,) is in the tr i-

of Q - Q,, we have a larger triangle if it contains the point C, and smaller at the extre m-

ities, when the triangle contains A or B. So this construction does not lead to a uniform
law on the segment AB.

These remarks are quite general : a uniform law in the square does not project to aun -
form law on the unit sphere.

B. Uniform distribution o n the unit sphere
In this paragraph, we now show how to build a uniform distribution on the unit sphere.

1. The case ofthe |, norm

We start with the simple case of R® , equipped with the 1, norm, that is :

K
KI=ax 1t x=(x)...,

We will discuss other situations later.
For this case, we follow the book by Luc Devroye [ Ref 1.3. 3], chapter 5, theorem 2.2.

Let:
K
Cy = 1 Xy X 1% >0VKY % = 1}
k=1
be the positive part of the |, -sphere.

Theorem 1. Let X,,...,X, be independent random variables with exponential law. Then,
the variables Y,,...,Y; defined by :

I R VS
X+ 4+X K X 44X

1

are positive, have sum 1, and follow a uniform lawon  C, .
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Proof of the Theorem 1.

Let S= X +- ¥ .Let Z=(X,...X,),and z=(X,...,%_,), to simplify the notation.

Let f,(z, 9 be the density of the joint law of the K - uple (Z,S). This density can be

computed as a conditional probability, knowing  Z, thatis:

f,s(z9 =13 x K% (1.3.5)

where fg,(S) denotes the conditional probability density of S knowing Z and f,(z) is

the density of Z.

Since the variables X,,..., X, _, are independent and follow an exponential law, we have :
f,(z)=ele ™ %) (1.3.6)
The law of S knowing X, = x,,..., X, =% , is easy to find. Indeed,

P{S¢ a X =x... %X, x4 RBRX atx-. X |-X K., X, X}

and therefore :
f3|z(5) —es™n "X (1.3.7)

for s2 x +. x ., 0otherwise.

We deduce from (1.3.5), (1.3.6), (1.3.7) that :

f,s(z,9=¢€° (1.3.8)
for s2 x +. x ., 0otherwise.
Now, we compute the joint density of aeg S ,S . This is obtained by a chan ge of
¢
variable in the density (1.3.8 ). We set :
ylzﬁ,...,yK_1 Sa S| S =
S
aXx X
Let U =%—1,..., K1 weget:
¢S
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f,s(u,9)=s" €° (1.3.9)

The density of U can be obtained from the above formula, integrating with respect to S.
We get :

+a +

fou)=ffs(u9ds= §€ ds =k (1.3.10)

0

and we see that this value is constant on the whole set  x 2 0,...,x. , 20,x -+ X+,

) ) X X . . .
But now, since the density of é% is constant, so is the density of

Qo
H><
Pad

Py

[
n <
<<
|-O: O

|

3
X
=X

; BT 5T s (13.11)

This concludes the proof of the Theorem 1.
Remark 1

A package in Matlab, due to Roger Stafford, generates random numbers with uniform
law, and fixed sum : it can be found on the Interned  under the name of randfixedsum.m.

This package uses another approach, more complicated than the approach described
here (using exponential variables), but it can solve more general problems : find X with

atx thand q X =S.

i=1
Remark 2

In order to generate random var iables with exponential law, on should generate random

1
variables with uniform law Y, and then take X, = Log?.
k

Application
Random sampling using the I, norm is mostly used for sampling of proportions.

So, assume we want to generate a sample of N =100C proportions for K =40 goods, we
do the following :
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for n=1to N
for k=1to K

generate Y,,..., Y,

. independent variables with uniform law on [O:I]

1
take X, = Logv, for k=1,...,K

k

K
compute g X,
i=1

X
replace each X, by ——
a X,
j=1
next k
next n

2. The case of the [, norm

Here, the space Ris equipped with the |, norm, that is :

o 12
aK

IXI=38 % § it X=(x)..,

Gi=1

This is the Euclidean norm, which is the one we are using in the construction of the
Hypersurface.
We have a similar result :

Theorem 2. Let K21 and let X,,...,X, be independent normal variables (mean O, v a-

riance 1). Then the variables :

X, Xy
\/)(12+... +X|§ ’“"\/)(12 —+ )(kz

are independent and fo llow a uniform law on the unit sphere of the K - dimensional Eu c-
lidean space.

In other words, in order to obtain a uniform law on the sphere, one should not start with
uniform variables, but with Gaussian.

A proof of this result can be found in the book by R. J. Muirhead, page 37 [Ref1.3.4]. This

proof uses the fact that the normal law on R" is invariant under all orthogonal tran  s-
formations of the space into itself. So, its projection upon the unit sphere is itself inv a-
riant under the projections of the transformations. The unit sphere is a locally compact
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group for these transformations, and a general result says that there is only one inv a-
riant Haar measure, which must be the uniform law.

However, we will give a speci fic proof, following the arguments used inthe |, case.

Proof of Theorem 2

Letnow S=3¢ +- 3, Z=(X,.s X 1), and 2= (%, % o) -

Let f, (z,9 be the density of the joint law of the K - uple (Z, S). This density can be

computed as a conditional probability, knowing  Z, thatis :
f,o(z9= 139 312 (1.3.12)

where fg,(s) denotes the conditional probability density of S knowing Z and f,(z) is

the density of Z.
Since the variables X,,..., X, _, are independent and follow a normal law, we have :
f (=6 3. a¥ (1.3.13)
The law of S knowing X, = x,,..., X, =% , is easy to find. Indeed,
P{Sta X =x.. %, %4 RX 8 X-. 3[|-X x. X, X
and therefore :
fo () = &2 = % (.3.14)
for s2 x +. x ., 0otherwise.
We deduce from (1.3.12), (1.3.13), (1.3.14) that :

12

f,s(z9=é (.3.15)

for s2 x +- % _,, O otherwise. We see that this is independent of  z=(X,...,%_,) and

the rest of the proof goes as before.
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We compute the joint density of aeg S ,S . This is obtained by a change of vari a-
¢

ble in the density (4). We set :

yl:%,...,yK_l %,s 3
a X
Let U =p2,...—K1 t:
e éag S we ge
f,o(U,9)= & & (1.3.16)

The density of U can be obtained from the above formula, integrating with respect to S.
We get :

+ o

f,W)=ffsu9ds= fe* d (.3.17)
0

0

and we see that this value is constant on the whole set  x 2 0,...,x., 20,x -+ >+,

) ) X X . . ,
But now, since the density of —%,..., gl is constant, so is the density of

Qo
X
X

A
x
28
1-O:On
2
=X
~

-é,---, S’_S (1.3.18)

This concludes the proof of Theorem 2.

We observe that the same result holds for all the |p norms, defined by :

it X=(%)_ . forl¢p ¢

-O: O%

C
[X]=28 x°
Ci=1

We would take :

=

Qo
~
1-O: O

4
T8
2
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V. Numerical search for dangerous zones

We now apply the previous tools to the search of dangerous zones. We start from the
point with highest temperature ; this is the point corresponding to the 175 t run, and the
observed temperature is 955.76°C. We call H, this point.

A. First step of the iteration

We fix a threshold, T,=900 C and we want to find a point where the probability to be
above this threshold is highest.

1. Theory

There are 307 measure points where th e temperature is below this threshold ; we denote
themas C_ , n=1,...,NT =30, (C stands for "cold").

For every cold point C,_, we consider the hyperplane E_, equidistant from C_and H,,

and we consider the half -space F, determined by this hyperplane, containing  H, : this is

the set of the points in  R* which are closer to H, thanto C, . So we have 307 such half -
spaces.

We also consider the half -spaces X;2 0, j=1,..K, and the half -spaces X; ¢1,

] =1,... K so we have atotal of H =391 half -spaces (since K =42).

The intersection A of all these 391 half -spaces is non-empty, since it contains the point
H,. Itis a simplex (intersection of half -spaces), and we want to find the point in it which

is farthest from H,.

The first task is to generate  MT =5000 random directions, in R®, with uniform law. A
"random direction" means simply a point on the unit sphere of R® , equipped with the
Euclidean distance. We want a uniform law, because all directions should be considered
equally.

Using Theorem 2 above, this is done the following way

For mu=1to MT

For k=1to KT

Olga Zeydina, Probabilistic Methods for Nuclear Safety o Chapter 1.3 96



We generate random vectors X, following a normal law (Gauss with mean 0 and v a-

riance 1), and we replace them by :

[}

§X12+ +x§)l/2 (X12 -+ 2)1/2

Here is the beginning of this table, which has ~ MT =5000 rows and K +1 =43columns :

1 -0,051 |-0,086 |-0,229 |-0,016 [-0,091 |0,196 |[-0,053 |0,023 |-0,111 |[-0,114
2 -0,403 |-0,053 [-0,105 |-0,256 0,077 0,176 0,184 (0,161 |0,244 0,059
3 -0,253 10,014 [0,096 0,049 0,329 0,208 |-0,045 0,113 |-0,087 |-0,168
4 -0,324 0,259 (0,050 |-0,131 |-0,104 10,099 |-0,137 |-0,086 (0,048 0,015
5 0,211 |-0,008 |0,053 |0,387 [-0,222 0,289 [0,018 |-0,027 |-0,022 |-0,038
6 -0,273 |-0,044 0,056 |-0,042 |-0,064 |-0,122 10,037 0,013 |0,312 |0,067
7 0,181 |-0,047 0,217 |0,008 |-0,114 |-0,161 (0,199 |-0,072 |-0,168 0,235
8 0,092 |-0,068 |0,041 0,273 |[-0,049 (0,086 [0,043 |-0,028 |-0,264 [|-0,116
9 0,164 |-0,119 (0,220 |-0,319 0,004 |0,304 |-0,105 [-0,173 |-0,011 |-0,032
10 0,181 10,233 0,116 |-0,098 10,019 |-0,035 [-0,192 0,104 0,227 |-0,130
11 -0,090 |0,094 0,051 |0,129 |-0,110 (0,164 |0,318 |-0,058 10,003 |[-0,077
12 0,239 |-0,005 (0,164 |-0,013 [0,218 |0,090 (0,002 |-0,088 |-0,111 |[-0,183
13 -0,222 |-0,033 0,001 |0,026 [-0,051 (0,218 |-0,032 |[-0,374 0,110 |0,066
14 0,268 0,327 |-0,163 |-0,064 |-0,111 0,246 [-0,195 |-0,010 (0,279 |[-0,119
15 0,108 |-0,110 [-0,122 10,084 |[-0,045 [0,0V5 |-0,022 0,005 |-0,305 0,007

Figure 1.3.6 : the beginning of the table of random directions

Our random directions will be the vectors  H,+V, , where V,_ is the m-th vector in this

list.

We denote by H(k), k=1,...,K the coordinates of the point H, and by C(nK),
n=1..FT (FT =307),k=1,...,K, the coordinates of the cold points.

We now find the middle between H, and each cold point C_ ; we callit M, . Its coordi-

nates are :

M(n, k) = S(H(K) +C(n, K)
S )

The vector HC, from H, to C_ has components :

HC(nK=CQnk -HK
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The hyperplane E, is orthogonal to the vector HC,_, so its equation must be of the form:

a HC(n k% =D,
k=1

for some number D,,

and since this hyperplane contains th e middle point M, we get:

K
a HC(nkM(n K= DO
k=1
So the equation of the hyperplane is :
X K.
AHC(NKx= AHAN W M n (1.3.19)
k=1 k 2

Let H,+/V, be any of the directions defined above, with coordinates H(k)+/V(mK.
Its intersection with the hyperplane E,, is obtained for :

A HC( K(H(R+/ V(M B - M n§) 6

k=1

that is :

a HC(n K(M(n K- H(K)
| =kt

K (1.3.20)
a HC(n kV(m B
k=1

and (since V,_ is normalized), the distance between H, and the intersection with the

hyperplane is |/].
The intersection of the line with the hyperplane X =0is:

y= HK (13.21)
V(mK

And the intersection with the hyperplane X =1is:
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1 HE

-~ 7 1.3.22
V(m K (13.22)

Each vector V,_, generates one line and two directions, thatis  °V_ . For each of these two

directions, we consider all the intersectio ns with the hyperplane, and we keep the closest
to H, :

Figure 1.3.6a: Line generated by the vector Vm and several intersections with hyperplanes
The procedure goes as follows :

For each n (number of cold points, and of associated hyperplanes), compute the coeff i-
cient / using formula (1.3.20 ). Do the same for the hyperplanes x;2 0 and x; ¢1 (sowe

have a total of H =391 values for /). For each of them, check whether / is positive or

negative. Keep :
/o =min{ / 0

/rw=max{ / <G

Note here that one has to generate all random vectors and store them, because later we
will have to recall which one was the best. But in fact it would be enough to store just
two : the current vector, and the best up to current.

Here are the 42 coordi nates of the point M, (Mfin in the above VBA code) that we o b-

tain.

0,944 10,994 0,516 |0,195 10,805 0,448 0,109 0,985 0,561 (0,000 |0,815 |0,514

0,186 (0,918 |0,426 (0,251 0,685 |0,532 0,093 0,915 0,347 0,062 0,945 0,231

0,048 [0,943 |0,443 0,046 (0,876 |0,364 [0,096 0,945 0,241 (0,234 |0,903 |0,464

0,290 0,978 0,224 0,233 0,977 0,224

Figure 1.3.7 : the coordinates of the farthest point

The distance to the hot point H, is 0.598, and this distance, in our case, is obtained for
the 791th vector.
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Verification is made, in order to ensure that the point M, is on the proper side of all

hyperplanes. It must satisfy :

dist(H,, M,) ¢ dist( M, G) forall n
The point M; must be closer to the hot point than to any of the cold points.
0¢ M, (k) dforall k

The point M, must be inside the hyp ercube.

2. Computing the probability to be above the threshold at the point M,

The point M, gets its influence only from the point  H, ; the observed temperature at
H, was g =955.76C.

Recall (see formula (1.1.25) ) that the probability discrete distribution at the point M, is

given by the formula :

ct
= oS
pj(Ml) s 2penge 25?2

where g =955.76C, s is given by the formula :

where ¢ =1 (discretization by 1°C), / =1.176€ (see above), and d = d(H,, M,) .59¢. We
find: s =0.489

And here is the distribution of probability we obtain at the point M,:
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Figure 1.3.8 : The distribution of probability at the point |\/|1

This probability distribution gives very sharp estimates : for instance, the probability to
be above 960°C is zero, and the probability to be above 954°C is 1.

B. Next step in the iteration

The point M, is not necessarily final : it is the farthest point from H, among the 5000

directions that we investigated. So a very natural idea is to have a second step : moving
away from M, and trying to find a point M, which is still further from H,. This will be

done, again, using random sampling.

1. Theory

First, we observe that, by construction, the point M, is on the edge of our simplex. It

must be on one of the limiting hyperplanes. In our case (see Figure 1.3.8 ), we see that its
10-th coordinate is 0. But in other cases, the point might be at equal distance between
H, and one of the C_ and this property has to be preserved under further moves : we

want to stay inside the hyperplane where we are.
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2. Random samplingi nside a hyperplane

The random sampling we did before was inside the whole space. Let us see what modif  i-
cations should be made if one wants to remain inside a given hyperplane, or more gene  r-
ally a low dimensional subspace.

The case where we are now is very simple, since one of the coordinates is 0 : all we have
to do is to perform a random sampling of the other 41 coordinates, and keep the 10 ™ to
be 0.

But for an hyperplane in general position, this simple trick does not work. One possibil i-
ty is of course to build an orthonormal basis (a new coordinate system), such that
X, =0is the equation of the hyperplane in this basis. Then one samples the other 41

coordinates, and comes back to the original coordinates. This construction may be used
for any subspace, of any codimension.

For a general hyperplane, there is, however, a simpler trick : generate (as we did before)

a sample in the whole space (42 dimensions) and project the vectors upon the hype r-
plane : the orthogonal projection of the uniform law in the  whole space is a uniform law
on the hyperplane.

This method, on the other hand, would be quite unefficient for low dimensional subspa c-
es. Assume for instance that we want to build a uniform law on the unit sphere of a 5 -
dimensional subspace ; it would req uire to project from 42 to 41, then from 41 to 40, and
so on, until 5. It is much simpler, in this case, to build an orthonormal basis for our 5
dimensional subspace and to complete it as a basis of the whole space.

Let us come back to our specific constr uction. We generate 5000 vectors V,, in a 41 di-

mensional space, with uniform law on the unit sphere. Here are, as before, the first 10
coordinates of the first 15 vectors :
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-0,334 | 0,264 | -0,041 | 0,138 | -0,086 | -0,130 | -0,177 | -0,060 | 0,070 | 0,268
-0,252 | -0,208 | 0,026 | -0,264 | -0,182 | -0,024 | -0,059 | -0,325 | -0,099 | 0,175
-0,017 | 0,174 | 0,409 | 0,143 | -0,049 | -0,094 | -0,088 | -0,105 | -0,057 | -0,245
-0,025 | 0,078 | -0,024 | -0,046 | -0,102 | 0,058 | 0,032 | -0,393 | 0,090 | 0,227
0,054 | -0,212 | 0,072 | -0,112 | 0,280 | 0,189 | 0,064 | -0,294 | 0,181 | 0,079
0,078 | 0,038 | -0,138 | -0,010 | 0,140 | -0,212 | 0,033 | -0,007 | -0,086 | 0,175
0,046 | -0,171 | 0,135 | -0,186 | 0,176 | 0,251 | -0,027 | 0,256 | -0,166 | -0,290
-0,188 | -0,200 | -0,032 | -0,003 | 0,019 | -0,048 | 0,182 | -0,164 | -0,353 | 0,091
-0,057 | 0,066 | 0,142 | 0,159 | -0,397 | -0,015 | -0,058 | 0,249 | 0,309 | 0,040
0,073 | -0,026 | -0,024 | 0,273 | -0,179 | -0,053 | 0,206 | -0,088 | 0,187 | -0,060
-0,192 | 0,101 | 0,049 | 0,103 | -0,044 | 0,156 | 0,034 | 0,177 | 0,280 | -0,231
-0,260 | 0,015 | 0,065 | 0,032 | 0,142 | 0,184 | -0,180 | 0,024 | 0,037 | 0,124
-0,128 | -0,083 | 0,032 | 0,127 | -0,154 | -0,026 | -0,146 | 0,246 | -0,020 | 0,199
0,201 | 0,006 | 0,075 | 0,080 | 0,066 | 0,109 | -0,122 | -0,062 | -0,007 | -0,230
0,118 | 0,065 | -0,309 | 0,077 | -0,166 | 0,138 | -0,287 | -0,161 | -0,225 | -0,083

Figure 1.3.9 : The first 10 coordinates of the first 15 vectors, dimension 41

Our random vectors V,, are obtained by inserting a 0 at the 10 ™ place (so now each vec-

tor has 42 components). This is what we get for the first 11 coordinates of the first 15
vectors :

-0,334 0,264 |-0,041 10,138 |-0,086 |-0,130 |-0,177 [-0,060 |0,070 |0,000 (0,268
-0,252 |-0,208 (0,026 |-0,264 |-0,182 |-0,024 |-0,059 [-0,325 |-0,099 1|0,000 (0,175
-0,017 0,174 (0,409 |0,143 |-0,049 |-0,094 |-0,088 |-0,105 [-0,057 (0,000 |-0,245
-0,025 10,078 |[-0,024 |-0,046 |-0,102 |0,058 0,032 |-0,393 |0,090 |0,000 0,227
0,054 |-0,212 (0,072 |-0,112 0,280 0,189 |0,064 [-0,294 0,181 |0,000 (0,079
0,078 1|0,038 |[-0,138 |-0,010 |0,240 |-0,112 0,033 |-0,007 |-0,086 (0,000 0,175
0,046 |-0,172 (0,235 |0,186 |0,176 [0,251 |-0,027 (0,256 |-0,166 (0,000 |-0,290
-0,188 |-0,200 [-0,032 |-0,003 0,019 |-0,048 10,182 |[-0,164 |-0,353 1|0,000 (0,091
-0,057 |0,066 0,142 0,159 |-0,397 |-0,015 [-0,058 |0,249 0,309 [0,000 0,040
0,073 |-0,026 |[-0,024 |0,273 |-0,179 |-0,053 |0,206 |-0,088 0,187 |0,000 |-0,060
-0,192 0,101 0,049 |0,103 |-0,044 |0,156 |0,034 0,177 0,280 |0,000 [-0,231
-0,260 1|0,015 0,065 0,032 0,142 0,184 |-0,180 (0,024 |0,037 0,000 (0,124
-0,128 |-0,083 (0,032 0,127 |-0,154 |-0,026 |-0,146 |0,246 |-0,020 (0,000 0,199
0,201 0,006 0,05 |0,080 |0,066 [0,209 |-0,122 |-0,062 |-0,007 (0,000 |-0,230
0,118 |0,065 [-0,309 10,077 |[-0,166 0,138 |-0,287 [-0,161 |-0,225 (0,000 |-0,083

Figure 1.3.10: The first 11 coordinates of the first 15 vectors, dimension 42
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The midpoints between H, and each cold point C_ are the same points M, as previous-

ly, and the vector HC_ from H, to C, is also the same.

The hyperplane E, , orthogonal to the vector HC_, and passing through M, has an equ-
ation :

K K
aHC(nKx= aHAn KR MnHR (.3.23)
k=1 k 2

But now, the directions defined are of the type M,+/V,_, with coordinates

M, (k) +/V(m K. Their intersection with the hyperplane  E_ is obtained for :

a HC(K(M(K+/V(mB -Mnk) e
that is :

A HC(n W(M(n K- M(R)
/ - k=1

% (1.3.24)
a HC(n KV(m K
k=1

and (since V,_, is normalized), the distance between M, and the intersection with the

hyperplane is |/].

The intersection of the line with the hyperplane X =0is:

= L(k) (1.3.25)

V(mK

And the inters ection with the hyperplane X, =1is:
/ :M (1.3.26)

V(mK

Here are the coordinates of the point M, :
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0,927 0,938 0,486 0,077 0,945 0,472 0,084 0,951 0,457 0,093

0,957 0,443 0,101 0,962 0,429 0,110 0,968 0,415 0,119 0,972

0,401 0,128 0,977 0,387 0,138 0,981 0,373 0,148 0,985 0,360

0,158 0,988 0,346 0,168 0,991 0,333 0,179 0,993 0,319 0,190

0,995 0,306

Figure 1.3.11 : The coordinates of the new point

The distance d(H,, M,)=0.986, which shows a considerable improvement compared
with step 1. This value is obtained for the 3961st vector.

As above, a verification is made, in order to ensure that the point M, is on the proper

side of all hyperplanes. It must verify :

dist(H,, M,) ¢ dist( M,, G) forall n,

which means that the point M, must be closer to the hot point than to any of the cold
points, and finally :

0¢ M, (k) dforall k

which means that the point M, must be inside the hypercube.

3. Computing the probability to be above the threshold at the point M,

The point M, gets its influence only from the point H, ; the observed temperature at
H, was g =955.76C.

As before, the probability discrete distribution at the point M, is given by the formula :

) 2
_ o %(ti_q)
Py (M,) = s2 peXpae 252

¢
where g =955.76C, s is given by the formula :
Te)\d
g =
J2re

where ¢ =1 (discretization by 1°C), / =1.176, and d =d(H,, M,) .98€.
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We find :

And here is the distribution of probability we obtain at the point

s =0.77

M,:

probabilités

0.6

densité de proba au point M2

0,5

0.4

0,3

0.2

0,1

952

953 954

956

températures

As the theory predicts, this density

Figure 1.3.12 : Graph of the probability density above the point

960°C is still 0.

M,

The above graph is not gaussian ; in fact it is "discrete gaussian” ; here are the data :
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temp proba

952 3,4402E-06
953 0,00084043
954 0,03801328
955 0,31832827
956 0,49354087
957 0,14167038
958 0,0075291
959 7,4082E-05
960 1,3496E-07
961 4,5518E-11
962 2,8424E-15
963 3,2861E-20

o Chapter 1.3

Figure 1.3.13 : The probability data above the final point

is less concentrated than the one we got previously ;
however, it is still quite sharp, and we can conclude that the probability to be above

106



The graph is not symmetric, with respect to the peak. It would be, if the peak was at
some integer value, but the peak is at 955.76, and this explains the lack of symmetry.

Here is the same graph, taking the peak at 956°C :

0,6
0,5
0,4

0,3

probabilities

0,2

0,1

probability density at point M2

952

953 954 955 956 957 958 959 960

temperatures

Figure 1.3.14: probability density above the final point, approximate value of the peak
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VI. Importance of the parameters

A question, quite classical in this context, is to rank the parameters (here 42) depending

on their "importance”. If a parameter is considered as no n-important, then it can be ne g-
lected, and any trick which allows us to reduce the number of parameters is of interest,
since we have too many. But how to define properly "important" or not ?

Quite clearly, a parameter is "non -important" if it does not in fluence at all the result.
This means that the function t =CT (xl, ...,XK) is constant, as a function of this param e-

ter, no matter what are the values of the others. For instance, we would say that the p a-
rameter X, is non-important if :

aiXCT(xl,...,xK) =0 for all values of X,,...,X

1

K

This definition is of course too strong and impossible to verify :

- It is too strong, because in practice, the code still depends on each parameter,
even when this dependence is weak ;

- It is impossible to verify in practice, since we do not have access t o all values of

So, we have to replace the above definition by a weaker one, more manageable. First of
all, we use the discretization of x_on the interval [0,1] and we replace the quantity

aiXCT (xl, ...,XK) by the quantity (using a discretization of step 1/10) :

1

15 | _aj+1 5 . ja
ox)==3 |cTd S x. x Q2T
Q (%5 %) 10?:10 geE XX G I?%( X

which is the equivalent of an L' horm of the derivative with respect to the first variable.

Then, we do not have access to all values of Q,(X%,,..., % ), but we can estimate it in pro b-
ability. This means that we compute the quantity :

1 1
= i Qs )% -
0 0
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The number 1, will be called the "rank" of the first parameter ; the lower it is, the less

influential the first parameter is.

These integrals are estimated using a Monte -Carlo method. But in practice, we do not
have access to the value of CT(X,..., % ) (which are unknown), but o nly to the probabil i-

ty densities built by the EPH. What we know in practice is the local probability Py (1),

or, more exactly, its discretized version  p, (t), e We will denote it here by

mln’

p(t ; X,....,% ) SO as to see the role of each parameter.

When X, moves from 0 to 1/10, for e xample, the corresponding density changes from

p(t;0,%,....% )Jto p(t;%,X%,.....% ). The variation is measured by the difference :

|p(t, 10,5 X% > P s 0% X D

I:trnin
and the total variation is :
LA R [P h X ) PO % )
lOJ =0 Il:mln

Finally, the rank of the first parameter will be defined by the quantity :

_1
rl—E

zl—‘

1o tnax
fi- & a P 13550 % ) =P 5 % e DX X

0 0 ] I Fmin

which is of course the same as :

% n RO e ) PO B % ek P e
0

J 0 I len

We observe that the present result is different from the one we  gave in the Chapter 1.1
where we considered the influence of each parameter upon the probability to be above
the thre shold. Here, we deal with the global influence of each parameter, not  just upon
high values.
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Here are the ranks of the parameters :

1 2 3 4 5 6 7 8 9 10
0,039 0,018 0,019 0,018 0,019 0,020 0,019 0,019 0,020 0,020
11 12 13 14 15 16 17 18 19 20
0,020 0,020 0,021 0,022 0,022 0,022 0,022 0,023 0,023 0,023
21 22 23 24 25 26 27 28 29 30
0,024 0,024 0,024 0,024 0,024 0,025 0,026 0,025 0,026 0,025
31 32 33 34 35 36 37 38 39 40
0,025 0,027 0,027 0,025 0,027 0,028 0,027 0,029 0,029 0,028

41 42
0,031 0,031
Figure 1.3.15 : rank of the parameters
and, in decreasing order of importance :

param rank param rank param rank param rank

1 0,039 35 0,027 25 0,024 10 0,020

42 0,031 29 0,026 21 0,024 12 0,020

41 0,031 27 0,026 22 0,024 6 0,020

38 0,029 26 0,025 19 0,023 9 0,020

39 0,029 28 0,025 18 0,023 11 0,020

40 0,028 34 0,025 20 0,023 7 0,019

36 0,028 30 0,025 17 0,022 8 0,019

32 0,027 31 0,025 14 0,022 5 0,019

33 0,027 24 0,024 16 0,022 3 0,019

37 0,027 23 0,024 15 0,022 4 0,018

13 0,021 2 0,018

Figure 1.3.16 : parameters in decreasing order of importance

We observe that, except for parameter 1 which clearly stands above all others, there is a
continuous transition between the parameters.
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Chapter 1.4

Uncertainties
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In this Chapter, we investigate the impact of various uncertainties upon the EPH con-
struction . We refer to the theoretica | construction made in Chapter 1.1 : the notation s are
the same.

I. The quantity d

max

The quantity d_, here represents the largest distance b etween any measure point and
the extreme point of the space.

Recall the formula for the parameter / which is linked with the  entropy propagation :

_ Log(n+1)
d

max

/ (1.4.1)

where 77 is the number of points in the discretization  for the resulting variable, which is
defined as:

f = -mex__min (1.4.2)

where £ is the step of the discretization in  t (temperature)

So, for instance, with T, =1300C and T, =500 C, we get :

if £t =1C,n=800
if t=10C,n=80

We observe that 77 is dimension -less.

The quantity d,__,is defined by the formula :

max

d = max{ distancet b );x is a measure point &ah extreme poi}r (1.4.3)

Since our space is a hypercube, all extreme points are situated on its boundaries. After
normalization , these boundaries become a set of points, which have 0 or 1 as one of their
coordinates. Since the maximum distance is always attained on the vertices of the
hypercube, in the formula (1.4.3) one has to consider only points b, the coordinates of
which are either 0 or 1.

Olga Zeydina, Probabilistic Methods for Nuclear Safety 6 Chapter 1.4 113



In practice, let X:( X K){ be any measure point in the Hypercube [O,]]K. The coordi-

nates of the farthest extreme point B=(h,...,l ) are defined by :

b =0if x?2

b=1if x,¢

NIk N~

and similarly for the other coordinates. So the choice of B for each X is immediate.
Let us denote by B(X) this choice. We have :

e = max{ dist(c,B( 3); measure poih (1.4.4)

max

Let us now assume that some perturbation, or some error, occurred upon the measure
points : each X is replaced by X+U, which means that all coordinates x are replaced by

X +4.
For each measure point X and each boundary point b, we have by definition of d,_,:
dist(x,b) ¢ d,,

which means :

8% >, 6
éﬁ (Xl - h) O qumax (|-4'5)
i=1 -
Therefore :
3K , 18 K2 , 12 5 K 2(',_511/2 5
Es:ﬁ()(l+ ie-b) 0 ¢%i Xb) 0 4a€ee dn@((]: u (1.4.6)
i=1 - i ~i E -
with ;
a5 , '8
Uzaa qu & (1.4.7)
Ci=1 -
Similarly, we get :
alk > 6 K3 , e, A
ga()q+ eh) & &, ) 5 -.88 (1.4.8)
i=1 - i ~i E
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Let dj, bethenew d_,, after error or perturbation of the measure points.

We obtain :

d.- u ¢, d u (1.4.9)

max
if all points are perturbed by at most  u.
This gives the formula :

Mq;/ M (1.4.10)
d,.tu d.. -U

max
So, as a consequence, we see that, in our example, if 17 passes from 800 to 80, everything
6.686 4.394
to / =——

d

else remaining the same, the value of / passes from / =

max max

In our example, d,, ° 5.68€, so the two values of / are: / =1.176, / =0.77<.

Also in our example, assume that all temperatures have been measured up to 0.1°C. We
have 42 parameters, thatis K =42. Then:

u¢0.1/42 °0.64¢

and by formula ( 1.4.9) :

dj,, ¢ 5.686 +0.648 =6.33

and :

dj.. 2 5.686 -0.648 =5.03

We note that in practice the error may affect each parameter of the measure point sep a-
rately; thatis all u, may differ from each other.

Conclusion: th is example shows the sensibility of the quantity d.. according to errors

affecting the values of parameters of measurement points.
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II. Consequenc es of errors upon the parameter values and
upon the measurements

In this section, we investigate the following question : assume some error has been
made:

- upon the values assigned to the parameters;

- upon the measurement of the temperature.
Then, what is the consequence upon the probability law given by the EPH at each point ?
We start with the case of one measure.

Recall that the probability discrete distribution at a point X is given by the formula
(1.1.25) :

o, ()= expee 17 9)
sﬂ ae 25’

where g, is the temperature value observed at the point A and s is given by the form u-

la:

(1.4.11)
here d =d( X, A) is the Euclidean distance between the measure point A and the point
X . The parameter / was computed before.

Now, assume that there are uncertainties :

- Upon the position of the measure point A ;

- Upon the value of the measured temperature  g.

Now we will analyze the consequenceson the discrete probability law due to these uncer-
tainties.
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Recall that A = (51, gKl) , values of the K parameters.

Assume that, upon the value of each parameter, there is an uncertainty

u,, namely that

each of them could be in the interval  [x - 4, X 4] (as previously, the uncertainty has

no reason to be the same for all coordinates).

Let also whbe the uncertainty upon the measurement g, which means that the true va |-

ue may be anywhere in the interval  [g- w, g#].

Let us see first what are the uncertainties upon s . Using formula ( 1.4.11), we find :

\d’

wit h :

and :
di=d

since:

o

dist(X, A+ § ¢dist X A

by the triangular inequality.

So finally, we get the estimate :
Log(u+1)(d+u)
d_ —u
" T max

e

LOg(1/+l)(d7u)
, e Orax TU

T e

and similarly :
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and si¢ s ¢ s

On @, we have the interval :

gi¢t g¢ (1.4.19)
with :

qi= q-w

qid gw.

Using these estimates for the probability distribution P, , we obtain :

a (¢ - q 2
p; (X) ¢ pi (iX) = i\cjz—pexpg (125—.2). (1.4.20)

¢

where c?is, among gi and gi , the one which is closestto t;.

Similarly, we obtain :

p/(X) < p(X)
with ;
2 —\2
¢ oweltiv9)
P52
F

(1.4.21)

pj(x):Si«/Q_p

where c}is, among gi and @i , the one which is farthestto  t;.

We observe that the uncertainty upon d transfers into an important uncertainty upon
S, since the variance depends exponen tially upon d.

With the previous values, we get :

Log(801)(d+u)
e 5.686-u

o= (1.4.22)

J2re

with ¢ =1, 7=800, d,_ ° 5.68¢,

and similarly :
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Log(801)(d7u)
e5.686+u
ol = (1.4.23)

J2re

Let us take a concrete example .
Numerical example:

Assume the measure was made at the point A =(0.5,...,0.5 (center of the hypercube),

and we want to find the probability distribution at the point X =(0.25,...,0.25.

Assume the uncertainty upon each coordinate is  0.01 (so 0.5 could be anything between
0.49 and 0.51). We have 42 coordinates, so :

u=0.04/42 °0.06'
The distance d is here :
d=0.25/42 °1.6.

and we obtain the estimates :

Log(801)

@ 5686+ (d-u
o =——— — ~1.475 (1.4.24)
\/27re
and :
LOg(BOl)(d+u)
e5.68(‘ru
"~ 1.795 (1.4.25)

J2re

So we obtain for s the interval :
1.475<0 < 1.79¢ (1.4.26)

If the uncertainty upon the temperature is smaller than 1°C, it does not come into a Cc-
count, since the discretization is 1°C. So we obtain :

Probability in X to have a temperature 2 740C:
R {T2 740 =0.14

and using the interval made with  Pi and Pi, we find :
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0.098¢ B {T 274 ®.20 (1.4.27)

which is quite rough.

If now the uncertainty upon each coordinate is 0.001, we find :

0.138¢ P {T 274 ®,14 (1.4.28)

So one sees that one should have very precise measures upon the coordinates the m-
selves.

Remark

In some cases, the above estimates may be improved. Indeed, the function :

f(s)=

1 2
S\Tpexp{ a /2§}

is an increasing function of s in the interval g) ,aﬁ , and decreasing in the interval

gaﬁ,+ a . Depending upon the values of t;- g and the uncertainty upon s, this

property may improve the estimates in the corresponding cases.
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[ll.  Taking into account uncertainties upon the measured
values

At present, the EPH is built using only precise information : we know that some measure
gave some value, and this precise value propagates as a probabilistic law inside the
EPH.

One may want to use as initial information a non  -deterministic one, that is an inform a-
tion which is already of probabilistic nature. This may happen for at least two reasons :

- The measure it self has some error, which is usually given by a probabilistic law
(the error upon the parameters of a measure is not taken into account in the
present construction of the EPH).

- Some expert knowledge may be used, under some vague form : for instance, the
result at this point should be between this value and that value. This could be d e-
scribed by a uniform law on some interval (or by another type of law, if the expert

gives it).

We now show how to incorporate such an information.

A. Simple case : two values

Assume first, for simplicity, that at the point X, We have two possible values '[1 and '[2,
each of them with probability 1/2.

At any point X of the EPH, the value t; would lead to a density which we denote by
f(t;t,) (the points X and x, are omitted in the notation ). This is simply the standard

construction of the EPH, assuming we found tl at x,.

Likewise, if we found 1, at x,, this would lead to a density  f(t ;t,) atany point X.

Since we have either 1, or t,, with probability 1/2 each, the density ~ f(t) ata point X is:

f(t):%f(t;t]) ot )
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B. General discrete case

Assume now that, at the point  x,, we have any number of possible results t;, with r e-

spective probabilities p,, Zp, = 1. Then, at any point X of the EPH, the propagated

density function will be :

ft) = pif(t:t)

C. General continuous case

Assume that, at the point x,, we have a density h(7) of possible temperatures (in gene r-
al, 7 € —oo,+00 ). Then the density at any point of the EPH will be given by the form u-
la :

ft) = ff(t; An(Hd T

The densities indicated by the above formulas are the influence (at the point X) coming
from the information at the point  x,. If now we have several points x,, we need to com-

bine the influences, at a given point X, coming from all source points : this is done as in
the previous construction of the EPH.
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V. An example : taking into account all uncertainties

As an example, we show how to incorporate all uncertainties, on a simple example. We
come back to the Cathare Code, and take the point A with coordinates (0.5,...,0.5 : this

point is among the measure points ( A= A,,,). We will study the influence of A on the

point X with coordinates (1,1,0.5,...,0.E. The distance between both pointsis +/0.5.

A. Uncertainties upon the positiono f A

Assume that all coordinates of A are known only up to °0.01 : this means that all coo r-
dinates follow a uniform law on the interval ~ [0.49- 0.5}

At the point A, the measured temperature is 738°C. Assume that this temperature is
known only up to °10 C: this means that ¢ follows a uniform law on the interval

[728C -748(].

We now show how to incorporate this information.

The probability distribution sentby A to Xis:

1 2
= I /128
p() =~ mexp{( q)° 12 3}
with :
@ d(AX)
g =
\/27re
and :

dAX=y(a -x)° + (& x
In our case, both ¢ and d(A X) are random variables.

For @, we will have a discrete law,

g= @, wG with probabilities  p(qgy, ),-.-.P( @ ). In the present case, we will have
equal probabilities, on the interval [728_C -748CT.
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For each coordinate, we will have a continuous law, wh ich might be different from one
coordinate to the next. Let g, (X) be the density of probability for the  k-th parameter,

k=1,..,.K. In the present case, all these densities will be uniform on the interval
[0.49- 0.5].

With all these definitions, the probability to be above the threshold T,, at the point X,

will be :

tma)(

P{T2 T} A T s«/_p p{ ( q)2/2§}

with s defined as above. The constant c is defined by :

Lffl sﬁa ext {1 4)° /24)

so, clearly, ¢ depends both on g and on the coordinates a,,...,a, of A (these coordinates

appearin S). So we write ¢(q; a,....& ). In practice, we have :

Y expl- (I ) 128}
P{T2 T} ==

t

a exq-(1 423

t:tmin

B. Taking the uncertainties upon g into account

Since g takes the values g= @ ,..., g with probabilities p(qMO),...., p(@g ). we get:

v g exp{-(l ~qj)2/2§}

Mo exp{-(l qj)2/2§}

Ag;)
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C. Taking into account the uncertainties upon the position of A

We write :

1

S(ai""’@):mexf{ Ala %) + (& &)2}

Then, since g,,...,0, are the probability densities for  a,,...,a, respectively, we get :

tmax

" a exp{-(l qj)2/25(a1,...aK)2}
P{T2T} 4. A —

max

IS exp{-(l qj)2/25(a1,...aK)2}

t:tmin

We take for @,,...,g, uniform laws on the interval 0.49 - 0.51 (the same for all).

So we get :

tma)(

1 1 051 051 748 a exp{- (l 'q)2 /2 f(ai "--aK)z}
P{T2T} =—=—=f - fa da--- da
0.02” 21,40

lmax

049 97728 5 exp{- (| '67)2 /25(31 ""aK)z}

t:tmiﬂ

In order to evaluate this quantity, we proceed as follows:

First, we fix some @, between 728 and 748. We want to estimate :

t

max
s

q o8t ost a eXp{' (I -q)2/25(a1,...aK)2}

~ 4=TO
—2 n e nmax
0024 0.49 049 a exp{- (| _q)2 /2431 ,aK)z}

t=t

F(g) =

min

The multiple integral on the right -hand side cannot be computed explicitly, so we use a
Monte -Carlo method. For I =1,...R (here R=100C), we choose at random numbers

a,....,& with uniform laws in the interval 0.49 - 0.51. For each a(r),.....a, ("), we com-
pute :

a exp-(1 4 1242 €)..a ()]
Flg.r)=te

a o[- (1 9) 1248 €).a ()]

t:'(min
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Then ;
1R
F@)° Rra F(gr)
r=1

and finally :

1 8
PT2 T} = & F@)

q=728
For the threshold T, =730 C, we find P{T2 T} 9.904

Conclusion:

This chapter shows how to incorporate the uncertainties into the construction of the
EPH. These uncertainties can be of deterministic or of probab ility nature, and they can
concern both the position of measurements (namely, the parameters of measure points)
and the value of measured temperatures.

We come to the conclusion that the EPH construction , being of probabilistic type, is very

robust in terms of any type of uncertainties and  these uncertainties are easily incorpor a-
ble into the model.
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Chapter 1.5

TheEPH Iina
non-homogeneous space
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I. Presentation of the mathematical problem

Until now, we built and used the EPH in spaces which are homogeneous, which means
that the whole space is made of one structure only. The effect is that the propagation of
information is the same in any direction. As we saw, the information deteriorates wi th
the distance, but it deteriorates the same way in any direction.

We now face a different situation. We are concerned with the safety of a nuclear reactor,
namely the recent EPR. The information is not provided by a temperature, or any ele c-
trical field, but by a flux of neutrons. The neutrons which are emitted by a hot spot are

not those which are received by any sensor: t hey are descendant s

fact the loop is infinite.

Any nuclear reactor contains bars of radioactive material, and these bars, depending on
their age, behave differently. So the flux of neutrons will not be the same through all the
bars, and the space is not homogeneous any more.

We first see how the construction of EPH has to be modified in order to reflect the fact
that the space is not homogeneous. As before, the result is a collection of probability de  n-
sities which are Dirac measures at the measure points, but become less and less conce n-
trated when one moves away from the measure points.

Globally, the idea is the same: the information is propagated from the measurement
points (here the sensors) over the whole space with probability laws depending on the
distances. The main difficulty arises from the fact that the core material is not homoge n-
ous due to the physical features of the global system.
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[I. Construction of the EPH in a one -dimensional non h o-
mogenous space.

We deal with one -dimension ( K = 1) and non homogenous case. We can view this situ a-
tion as a segment with different medias:

min 1 M max

Figure 1.5.1

Here x_ . and X . represent the parameter boundaries and the points m,,...,m,  divide

in

the non homogeneous environmentinto M + 1 distinct homogeneous zones.

This notation can be viewed from the following example:

The segment [xmin,rq) is a neutral material, the segment [m, n}) is a omultiplice

[mz,ng)appears as an Oabsorbent o6 material with

The propagation of the information differs on each media, so it is not linear any more as
in the homogenous case. The propagation coefficient A should be properly defined and
then tuned according to these new conditions.

A. Before the first measure

Before we obtain any information from the collectrons (we do not have any measurement
points), we assume a uniform law at each point in the space. We are given a lower and

an upper bound for the quantity of neutrons which may arrive at that point (this is e X-
pert k nowledge), and all values in between have equal probability. Let us make this pr e-
cise, with proper notation.

We have the following discretization (see the Chapter I.1) :

4 ) i=0,...
t tm|n -;7_(tmax t )’J hoo sV

j min

where t . and t__ are respectively the smallest and largest quantity of neutrons which

n

can be emitted (this is an expert knowledge). The width of the subdivision is denoted by:
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Then, the number of points in subdivision is equal to v + 1. This notation allows us to
give the precise definition of the uniform probability law above each point:

1 .
(X)=—,]=0,..,
pj( ) 1/+1’J v

B. After the first measure

Assume the measure A, has been made (we have one collectron) and it records the fo |-

lowing quantity of neutrons 6, =CT (A)) :

min 1 1 o K max

Figure 1.5.2

Since we obtain some data, the total available information has increased. In order to
make this statement precise, we introduce the notion of information connec  ted with a

probability law, that is, the concept of entropy. We claim that the entropy at the point A

is zero (the value is known precisely here) and at the furthest point from A, it reaches

the maximum value, namely:

Imax — I—Ogi |tmax; tmin

¢

Eog(1 nY.

-O: Ot

Considering the homogenous space, the entropy increases linearly from A, reaching

| .. atthe end (according to the minimal information lemma) :
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Max entropy

A = 511 X parameter

max

|
|

min

Figure 1.5. 3: Entropy

I n order to define the Ospeedd of the deteriora
propagation coefficient \: it is the oO0slopedé of the entropy a

Since we are now in a nhon homogenous space, the entropy is not linear any more, but
piecewise-linear according to different media. Above we give a simple illustration of how
the entropy can be changed when passing thought different zones

zone2

Figure 1.5. 4: Entropy

Let A > 0 be the coefficient of propagation inside the m —th media. If d_ is the width

of the m —th media, then the value for the entropy at any intermediate point will be the
partial sum (see the figure (1.5. 5) below :

I(X) :/\Q(Azm) +)‘g(mr1ml +.. +/\rrqmm X)

Figure 1.5.5

Olga Zeydina, Probabilistic Methods for Nuclear Safety 6 Chapter 1.5 131



This value is independent of the order of the media, so we may just as well assume that

the A 's are increasing. The quantity | for any point must be smaller than the value

coming from the uniform law, that is 1 (X)¢1,,,: indeed, we do not want to add any

information.

The A _'s are unknown. But assuming they are increasing and the final value I is
m max

fixed, the choice which gives the maximal entropy at one of the extremities is illustrated
by the following picture:

Max entropy [~ & TTTTTTTToTToTomTomommmmmmmmme 8

parameter

max

Figure 1.5.6

Notation: t he point where the entropy reachesto-its ma
reachoé point (in short HTR point).

C. Tuning th e model

The next step will be the tuning of the coefficients A _'s according to these new cond i-

tions of non homogeneity. So, the A_'s should be chosen so that they obey the following

statements :

- 1(X)=/dy . Hd, Ig

- I (XHTR)=Imax

This can be done in two ways, depending on the available information :
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Case 1:The ratio between the A_'s is known: it comes from expert knowledge. Then, we

put it under the following form: we assume that all g+, depend on some A, and the

propagation coefficients may be rewritten as:
C,A, CA, CA, ég, A
wherethe ¢ 6s are known.

The parameter \ can be computed, considering the general principle of maximal entr  o-
py: the entropy reaches the maximal value at the point with the weakest information. In

the homogenous case, such point was simply the furthest one from A, with :

i = max(| Kinax 'AJ ’| Xenin ’AD '

The heterogeneous space may contain, for example, some areas with extremely low
Opassing abil i t-ypéeachsgantidnbtalwadystmeduehedt one. In order to

define it, the coefficient )\m 's must be taken into consideration as well.

We compute the entropy at the ending points, being guided by the picture above:

() =C/d(A M) +6/d + g /4O (&4 A ed+ ctd
I(Xmin):/COd(A’ Xnin),

Comparing the partial sums, we choose the maximal one:

d, = Max(| partialSun( A, ., | partialSurc A x })

Using our notation, we obtain:

Ao =max{|c,d( A,m) +cd + grdl| € A %))

In our case the point X__ is the hardest -to-reach one, so the entropy is be maximal there:

I (XHTR) = I (Xmax) :| max IEOg (1 /7)’}
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This way, we compute the coefficient \:

_Log(1+n)
- d

max

/

Remark about the ratio between the / 's: In this case, we suppose it to be known. Itd e-

pends on the characteristics of the environment or on the type of the parameters. For
example, we know the coefficients of multiplication of each  mesh (discretized parallel e-

piped) in a nuclear core. But associ ating these coefficients with the ratio  c,...,C,, we

should think in terms of opropagation ofn-
ment is, the bigger c_ should be.

Case 2 We have no information at all, no expert knowledge.

Then, we should divide our measurement points into two groups. The first group will be
used in order to "tune" the parameters, and the second group in order to check the values
that have been taken. This idea is rather common: when a large set of measures have
been made, one builds a model with the first part, and verifies it with the second part.
Once the coefficients of propagation are calculated, we can determine the form of the
probability law above each point X :

ot (t;- @)
X) = ex !
with
Te)\d
o =

here C is the normalization co efficient connected with the truncation effect; T is the

width of subdivision; 6, is the neutrons quantity measured by the collectron A ; and o

is the variance where d is a partial sum:
d(A. X)=¢d Am) +cd m) = £dm )

Remark: this partial sum embraces only the medias between A and X, so it strongly

depends from the position of A and X on the line of the parameter.
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D. Combining several influences

Assume now we have N collectrons Al,...,AN which record N data 01,...,0N . Each sen-

sor is supposed to contribute in the resulting probability subject to the distance between
the emission point (the hot spot) and the measurement points (collectrons).

In the homogeneous space, the individual laws were recombined in order to get a single
one the following way:

pi(X)=agmn;(X) +. 9r,;(X,

where p, (X) is the resulting probability law with p.;(X) representing the contrib u-

tion from A_.The 7 's took the following form (formula (1.1.31)) :

v, = N” , n=1...,N
>d”
i—1

where dn is the distance between An and X .

Now, we deal with non -homogeneous media; there might be several components, not all
of them with the same "propagation factor" (how entropy deteriorates with the distance).

Our approach is here that, if we are at a point X , everything is governed by the partial

information received at this point. The target -point does not care how the information
traveled, it cares only about the information it receives.

We observe that -y, can be written just as well :

g =—N(/d”)-l
a(/d)’

i=1

where M here is a partial sum :

/d,= fd(Am,) + gdmym) = 5w X

here m_ indicates a media where A _ has been made and m, & the position of X .
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This way each individual p,;(X) contributes in the resulting probability p; ( X) de-

pending on the parameter A\ and the length of its media, so the non homogeneity is
taken into account.

The entropy in the case of N measure points is calculated as before: we choose the co I-
lectron A, which is | ocatedoadi shenodafdem the one

Then we calculate the entropy using obtained dma

X"
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[ll.  Construction of the EPH in any dimension.

We start with the two -dimensional case, which is easier to represent graphically.

A. Two dimensional space

We start w ith the simplest case taking a square, which is divided into two zones:

Figure 1.5.7

The only measure A is made and our task is to propagate the information from A tothe
unknown point X .

We may decide that the information does not propagate the same way in zone 2. This
will be characterized by some ratio between )\l and )\2; so, we define )\l as the coefficient

of propagation in the zone 1 and A, =cA is the coefficient of p ropagation for the zone 2,

where C is known.

Then the entropy at the point X in Zone 2 will be of the type :
1(X) = L d(AG) +\,d(G, X)

where G is the point where the segment AX crosses the boundary between the zones.
As before, A i s calculated in terms of minimal-otnfor ma

reaché point is md@)=gl., we suppose

Then:
_ Log(1+n)

/
! d

max

Olga Zeydina, Probabilistic Methods for Nuclear Safety 6 Chapter 1.5 137



where :
d,..c =max( partialSun{ A bordely 7, fl AF +4 (d G)

The form of the probability density is:

_ )’
pi(X)= expg 2521
with:
Tel
0 = —
\/27re
and:

1 =/,d(AG) € ([dG X s(dAG o G ¥

B. Building the EPH in a many -dimensional space

We now assume our code to depend on K parameters : t =CT (xl, ...,XK) and we made

N measures :
¢=CT(A) <T({... &

g, =CT(A) T #... )
with G non homogeneous zones.

We set the parameter bounds:

X

k, min? “"k max

1 N
& x, elx

for k=1,....K and 0, ..., 0 e[t

min’ max}

The distance between points in the K - dimensional space is the usual Euclidean one.
Wesetfor n =1,...,,N,

d,=dx A) 5(x &) .+ (x P
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In order to make all parameters comparable, we normalize them, bringing the interval of
variation of each X, to be [0,1]. For example, if a parameter X varies in a interval

X —X_ o
X X ],the parameter ——mn_ varies in [0,1].

max X —X
max

X e

min

We want to build the Hypersurface at any point X :(xl,..., X ) The general form of the

collection of the densities will take the form:
B(X)=0 (% % X) TN DR .+ gER P, (K

where p,; (X) represents the n -th measure contribution, given by the formula :

R U
N Y pge 252

with ;

and :

-K

K

g - H(/d(x,a))

a(/d(x.A)

[y

here /d(X,A)= Ld( X G) +. +{d Gy A n=1...,N  where G ,...G are the
cross points of the line (X, Ah) with the border of each zone G it goes through, and Ang

is the coefficients of propagation of the corresponding zone.

The propagation coefficient \ is as before:

Log v +1
N gt
d

max
So, at this point, we built the EPH for a non -homogeneous space, in any dimension, with

any measurement points. We took into account the fact th at the information does not
propagate the same way in all parts of the media.
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Part Il

Applications
of the EPH
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Chapter II.1

The use of the
Experimental Probabilistic Hypersurface

iIn Epidemiology

Olga Zeydina, Probabilistic Methods for Nuclear Safety & Chapter 1.1 141



This chapter comes from a contract between SCM and the French "Commissariat pour
I'Energie Atomique" (CEA), Direction de la Protection et de la Sdreté Nucléaire (Co n-
tract no 40003007131, signed october 13th, 2007).

|. Introduction

We present here an application of the Experimental  Probabilistic Hypersurface to epi-
demiology; more exactly, to the prediction of the future evolution of number of deaths
from a certain disease.

The statement we obtain is of the following type: given a  certain disease and a certain
region, given a certain number of deaths in the past, for instance over a range of years
1980-2000, what can we expect in the future ?

[l. Traditional methods

We refer the reader to the introduction of Part | above for a general description of the
existing methods. In the present situation, traditional methods are of two kinds:

A. Linear regression

Most commonly, one builds a linear regression using known data, and this leads to some
forecast for the future. This method was for inst ance used by the European Environment
Agency in order to predict the evolution of pollution in rivers (see [Ref 11.1.1] ).

The drawbacks of this method are well -known: first, the predicting tool is simply linear,
which is very inefficient in the case wher e the data in the past oscillate; second, the r e-
sult is just a number, with no uncertainty at all upon it.

B. Probability law

Another possibility is to consider the data from the past as results of a random exper i-
ment, build the law of probability of this ran  dom variable from these data (the histogram
of the law) and take the expectation of the law as the guess in the future. This is possible
only if the data from the past are numerous enough and if nothing has changed in the
general conditions of the experime nt. Usually, as it is the case here for cancers, there are
so many changes in the general environment that this stationarity assumption cannot be
fulfilled.

Conversely, EPH will give a way of obtaining results which are of probabilistic nature

(the result is a probability law, not a number), and which rely more on the recent past
than on the ancient past.
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[ll.  Description of the problem

Most of the time, epidemiology is dealing with a kind of data which represent the evol u-
tion of a certain disease with time. T hen an important question concerns the forecast of
such an information for the future.

The graph below describes the number of deaths due to cancer for the region lle de
France, based on the data of 100 000 habitants. The age of people falls into inte r-

val [O, 8!%. The information is given separately for men, women, and for both sexes t o-

gether.
o
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5 270
e
o
g 250
S 230
o N—
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= 210 —— e
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e
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Figure I1.1.1: Numbers of deaths due to cancer for the region lle de France, computed for 100 000 habitants.

The X-axis represents the years, the Y -axis is a number of deaths.

The period of observation represents 27 years : from 1979 till 2005, and we would like to
know what will happen in 2006, 2007, 2008 and so on.

In order to answer this question, first we give the brief description of the EPH and then
we show how to apply it to epidemiological problems.
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I\V. Description of the EPH application

We refer the reader to the general construction in Part I. Here, we deal only with one -
dimensional space (the only parameter is the time), and, more precisely, with a discre  te
space (we deal only with years). The discretization parameter is denoted by j.

A. Specific construction

Let A, be the measure points ; here they are just years : 1979 to 2005. Let g, be the val-

ue of the measure at each point, that is the number of deaths of  that year.

At any point X of the parameter space, the EPH gives a probability law P, X, with

> p,(x) =1, by the following formula :
j

1

1 1
p,(x) = =
] N dN

> e 1%

where p,; X isthe density sentby the n —th measure, thatis :

P,y () = == -exp| -~
. _O'n\/Z_?T 202

with :

and d =d(x A) = ‘x —A|, n=1...,N, represents the distance (that is the number of

years) between the year x and the year A, .

Since we want to build the prediction for 2008, then this parameter can be bounded as
Yeard [ X, Xu) With X, =1979and X, = 2008.

The parameter d. represents the dist ance between the examined year (for example

n

X = 2008) and the year A, when the measure was made.
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Since this distance appears as an exponential, we see that the last observations will give
more influence to the final result than the early ones. This principle here suits complet e-
ly with the feature of Epidemiology where the last observations have more importance.

The parameter tj represents a number of deaths with the following discretization :

tj :tmin +J_(tma>< _tmin)! J :01"'1 v
1%

and, as we mentioned, the parameter 6, represents the obser ved values of the number of
deaths in the corresponding year.

B. Computing the parameter A

The coefficient A\r epresents a Ospeedo6 of propagalNion of
and on v . It is given by the formula:

_Log v+1
d

max

A

where :

d = max Nmax‘x —A

max n=1 min n

,‘x —A

max n
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V. Applications of EPH to epidemiological problems

We want to build a prediction of number of deaths  due to cancer for the period 2006 -
2008 using the data from the past.

Using rules of EPH we proceed as follows :

1. We define the boundaries for the result, that is the biggest inte  rval which may

contain the results. Here, we can take, for example, [100; 30(}

2. We define the boundary for the subdivision : 7 =25 This means that our prec i-
sion will be 5 deaths (in other terms, we are not interested by units).

3. We define the boundary for the parameter (years) : X € [1979, 200#.

4. We compute the densities of probability p, X for years 2008 separately for man,

woman and both sexes together using the construction of EPH and the formulas
above.

Here are the results :

Figure I1.1.2 : The forms of probability laws for 2008 for lle de France

Here each probability |l aw consists of oObumpso,
0size6 of each bump depends on the distance fror
was made. The result is not symmetric, because all previous values (from the past) are

above the last recorded value (2005).

For example for women, the probability law gets its strongest influences from the year

2005 when were registered 138.2 deaths due to cancer, as one can se e easily on
the figure I1.1.1.
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