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Abstract. — A periodic signal f is unknown and is not directly accessible. The only available data are the
numbers ||f.g]|, for all polynomials g. Which norm ||.|| should be chosen ? We show that if ||.|| is the usual
Lo-norm, reconstructing f is impossible but, if ||.|| is Bombieri’s norm, the reconstruction can be achieved.

We describe the algorithm in detail and study its complexity.
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Let us consider a periodic signal f, which is unknown and not directly accessible to any measurement.
The receiving device —the captor— gives only a scalar information (that is, in fact, a positive real). However,
before treating f, we can perform on it multiplicative transformations, that is, for any ¢, explicit and known,
we can measure fg. The question is : how can we reconstruct f 7

Practically speaking, we wish to compute only a finite number (finite but arbitrarily large) of Fourier co-
efficients of f, that is to determine the Fourier series of f, truncated at some specified order N : EJYN aje’t.
Since we know that we can multiply by any multiple of e, we may therefore consider only analytic polyno-
mials, that is assume from the very beginning that f has the form g ajet.

Our question is thus : let f be a polynomial of degree n, with unknown coefficients. If we know the set
E; = {||fg|l ;g arbitrary polynomial } (1)

can we reconstruct f 7

The norm ||.|| can be any norm which makes sense on the space of polynomials. We will consider two of
them here. First, the most natural and widely used : the Ls-norm, of which we show that it is inadequate,
and then Bombieri’s norm, of which we show that it allows the reconstruction of f.

For a polynomial P =Y ¢;z7, we let
1/2

1Pl = les*)'* = (/O%P(e“)Qj;)

be the usual norm on Lo(II).

Theorem 1. — Assume we know the set
E; = {||fgll2 ; g arbitrary polynomial} (2)

then f can be reconstructed only within 3 ambiguities :
— taking the conjugate : f can be replaced by f,
— multiplication by any function of modulus 1 on the unit circle,

— for each zero a, choosing between a and —1/a, that is, each monomial z — a cannot be distinguished
from +(1—az).

So we see that this procedure will not allow any distinction between (for instance) :

Alz—2z1) (2 — zn)

and

Azy-ozk(z—=1/Z1) - (2 = 1/Zk)(2 — zjg1) - - (2 — zn).

Proof of Theorem 1. — If Ey is known, so is Ef, defined by

Er = {Ifgll2 ;9 € Lo}, (3)

since trigonometric polynomials are dense in Lo (II).



Let a, 0 <a <27, and € > 0, and let us consider the function g = g, defined by

Gac(e?) = 1/V2e if |t —a| <k,

=0 otherwise.

T . ) d 1/2 ate ‘ d 1/2
(L vemseors) ™ = (o [ neors)

— |f(e")], when & — 0,

We have :

and so we know the set of values |f(2)|, |z| = 1, that is the function p(2) = |f(2)], |z] = 1.
Therefore, we can reconstruct the outer part of f, in its decomposition in the Hardy space H?, by the

el 4z i dt
F(z) = exp/ i log(w(e"))

a9
x z 2w

standard formula :

and we know that |F(e)| = p(e') = |f(e')| for every t. If f is a polynomial, F is also a polynomial, of
the same degree, with no zero inside the open unit disk D. If f has no zero in D, F' = f. If f has one
root or several roots in D, F is obtained by reflection of these roots : if f = (z —21) -+ (2 — z,), with
lz1] <1,...,|zk] <1, then

F = (1-%z12)-1-=Z2)(z — 2kx1) - (2 — 20).

This proves the theorem.

Remark. — The ambiguities in the reconstruction of f come from the obvious fact that the tool we
use —namely the Lo-norm—, employs only the values of f on the unit circle, and that |z — a| = |1 — @z| if
|z| = 1. If we had taken f in H? (not just a polynomial), we would get a similar result : we can reconstruct
the outer part of f ; we have no information on its inner part m (Blaschke factor and singular part), since
it satisfies |m(z)| =1, |z| = 1.

We now study the same question, but this time using Bombieri’s norm. We will see that the result is
now satisfactory : reconstructing f is possible, up to the multiplication by a complex number of modulus
1, of course.

The proper frame will be here that of homogeneous polynomials in many-variables (as in Beauzamy-
Bombieri-Enflo-Montgomery [1] and Beauzamy-Dégot [2]). The case of an ordinary one-variable polynomial
m—j

Yo ajzj is deduced from the homogeneous two-variable > ajzj z , just by taking 2’ = 1.

So let

P(z1,...,zN) = Z Ao 7T
|a]=n
be a homogeneous polynomial in N variables, with degree n.
We have |a] = a3 + -+ + ay. Bombieri’s norm, which depends on the degree, is defined by the

expression :
1/2

laa|?a!
P = Y e @)
|a]=m

where a! = a;!---an!. The reader is referred to Beauzamy-Dégot [2] and Reznick [3] for the basic properties

of this norm.



Theorem 2. — Let P be a homogeneous polynomial in N variables, with degree n, and unknown coeffi-
cients. If we know the set

Fp = {[PQ] ;¢ homogeneous polynomial in N variables, with degree < n}, (5)

we can reconstruct P, up to the multiplication by a complex scalar of modulus 1.

Proof of Theorem 2. — The proof we give now follows the lines indicated by the referee : it is shorter than

the one we originally gave.

First, from the knowledge of (5), we deduce, by the usual polarization formulas, the knowledge of all

the scalar products
Ap(@,f) = [a3t -2yt P, ot 2B ) (6)

for all k <n and all «, 3, with |a| = |8] = k.
Indeed, each scalar product (6) can be computed from the four numbers

(@2 £ 2 af)P]L (a2 £ il 2P (7)

We observe, at this stage, that we won’t use all the set (5), but only the scalar products (6), so we need only
the quantities (7) : there are 4(" *m=1) such numbers.

Now, from the numbers (6), we will deduce the knowledge of all the numbers
Bi(e,B) = [P,z}" - 2 D P) (8)

for all k <n,all a, @, with |a] =|8] = k.

Indeed, for k =1, we have (see [2])

1 0
(0:P.2;P) = — [P (a,P)
1 8l‘j 1 8P
T on+1 LE 3xiP]+n+1 [Pz 87%]

and so op
[P,l‘j%} = (Tl+ 1)[Z‘ZP,.I‘JP] —51‘]‘[P,P],

So we have the formula

[Pz N DOP] = (n+ 1)t 2SN Pya - 2N P] — 645 [P, P]

or

Bl(avﬁ) = (TL+ 1) Al(aa/B> - 5o¢ﬁ AO(avﬂ)‘

Now, assume Bj(a,3),...,Bir_1(a,3) can be computed from Ag(a,f),...,Ax_1(a,8). We compute the

numbers By(a, ), where |a| = |3| = k. Take any coordinate c; > 1, say for instance oy > 1. Then, as
before : .
(o Pt P = e P, el P
b e R e DL



and so ) 5
a1 — Qg anN 1 N —
[ xy? - aQN P, 2t -2l D P =

(n+k) Ao, B) — B1 Ap—1(on — L, as,...,an 5 B1—1,02,...,0n),

from which one deduces all the numbers

ot et ey Py el Dy P (9)
for all a, B, |a] =|B| = k. From these numbers one deduces as before the numbers

12057 -y Puaft -2 D} P,

and so on, until all derivatives are transferred to the right-hand side, and we get By (v, 3).

Remark. The computation of Bj(a, ) can be made more explicit, using the differential identity

proved in [2] (Theorem 12). Indeed, with the present notation, this theorem gives, if |a| = |8] = m, degree
P=n:
(297 - a3V P, 2PV P =
1 alf!
— —m+k)! DF="p, D*P]’
i 2 TR 2 e PR ]

The term with k = 0 in the right-hand side gives [D?P, D*P], that is [P,z]" - x]ﬁVN D*P], and the terms
for k> 1 correspond to Bj(«, ), with j < m.

When all the By(«, 5), k <n are known, let us take |a| = |G| =n. We have

alp!

Bn(a,8) = [P,2...28"DP] = — [D°P,D*P] = T @a ag. (10)

1
n!

So we know all the numbers @,ag. Taking for instance o = (1,0,...,0) and 3 = a, we get |a1,,.. 0|

(or
any other term if this one is zero), so a1,,...0 is known up to a complex factor of modulus 1. All other
coefficients ag are then deduced from (10). This finishes the proof of Theorem 2.

Remark. Pratical computation of Bombieri’s norm [P], for a homogeneous polynomial P of degree n
in N variables, can be made in two ways :

— from the coefficients of the polynomials, using the definition (4), if these coefficients are known,

— from the values of P(z) inside the unit disk, using an integral formula, such as Boyd’s :

1 27 | P(reif)|2
] = 2F / / Pl s,
™ Jo Jo (147t
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