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Abstract. — We relate the size of the factors of a polynomial with the repartition of its zeros. First, we
show that a polynomial with zeros on the unit circle always has a factor which is exponentially large. Then
we give a symbolic formula, valid in the distribution sense, which allows one to reconstruct a polynomial
from the repartition function of its zeros. From this formula we deduce a reciprocal to a well-known result
of Erdos and Turan.
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We deal here with polynomials P(z) = Zg ajzj7 with complex coeflicients, normalized with leading
coefficient 1. We write such a polynomial under the form

n

P(z) = [](z-2).

1
A factor of P is a polynomial @ = [[,(z — z;), where J is any subset of {1,...,n}. We are interested in
relating the size of coefficients in the factors of P and the repartition of the zeros of P. Upper bounds for
the size of the factors were given by the author in [1] and [2] ; we deal here with lower bounds.

In the first part of the present paper, using a result of Erdés-Turan [3], we show that any polynomial
with zeros on the unit circle has a factor which is exponentially large.

In the second part, we give a symbolic formula, valid in the distribution sense, which allows to reconstruct

the polynomial from the repartition function of its zeros.

1. Size of Factors.

We define the Lo -norm :

Pl = P
1Pl eg[loa}gﬂl (el

We have :

Theorem 1. — Let P be a polynomial of degree n, with all zeros on the unit circle. Then P has a factor
Q with
1Qlloe > €1,

where 6 is an absolute constant : § ~ 0.00196.

Proof. — We may assume that |P|l = |[P(1)|. Let z; = €%, j = 1,...,n, be the roots of P ; we may

order them :
0 < 161] < ... < |0u] <y
which implies
[1—z < ... < 1=z, (1)
Let Qr = (2 — zk11) - (2 — zn), Cx = |Qr(1)]/|P(1)|, and C = maxy Cx. Then, forall k =1,...,n,
1
&< ml - g, )
which implies by (1) :
LS -l
— —z
c = k )
or ) 0
. |0k
Cl/k S QSIHT S |0k‘ (3)

We now use a well-known result due to Erdos-Turan [3], which asserts that, if the ratio || P|o/+/]|a0an]
is not too large, the roots are uniformly distributed in different angles with vertex at O. Precisely, if N, g

< c”nlogiHPHOO ;
>~ /7|a0an‘ )

Erdés-Turan obtained ¢ = 16 ; a value which was improved later by Ganelius [4] :

* logt
c = /2r/c , withd = / idt,
1

is the number of roots with arg z; € [a, 3], then :

0 —«
‘Naﬁ_%”

1+41¢2
that is ¢ ~ 2.6190.



By our ordering of the zeros, the sector (|6x|,2m — |0x|) contains n — k zeros. So
n—=k 2 — 2‘0k|

< oy foE Pl
n 2T - n

which implies
k log || P|| o
0n] < TE 4 omy /108Nl (4)
n n
Using (3), we get
Uk fogPl
o A
or
1 k log 1Pl |
™ 0g || Pl
2o [Ty oy 28 e ) 5
Cc ~- (n tom n ) (5)

Let now A be the positive root of the equation

A= er(14 ).

n

e7r(1—|—/\)] . We consider two cases :

We choose k = [

A2n
.| P < _ % .
2) 1Pl < emp{c27r262(1+)\)2}

Then :
fogllPle _
~en(1+A)
A

n
and by (5),
l < W—kJri ' < ek
C — \n e(l+)) - '
Therefore :
C > ek > L
- € — exp{eﬂ-(l‘i_)\) }7
which shows that there is a factor ) of P with
n n
o > 1P| > EL—
IQll > eapl s = DIPle > emp{ 5~ 1)
A2n
b). ||P|lec > —_—
) 1Plloe = emp{027r262(1 +A)?
In this case, taking @ = P, we find a factor with
A2n

> -5
HQ”OO = exp{cgﬂ_geg(1+>\)2}

The choice of A then gives the result.

We observe that the distinction between cases a) and b) cannot be avoided. In some cases (for instance
P =1-—2"), the factor ) with largest norm is a true factor of P, in other cases (for instance P = (1+2)"),
it is P itself. The first occurs when ||P||o is not too large, the second when ||P||o is quite large.
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In terms of order of magnitude, our result is best possible, but the constant § in the statement of the
Theorem is not sharp : we rely on the result of Erdés-Turan, in which the constant ¢, even after Ganelius’
improvement, was not sharp. It would be reasonable to beleive that the extreme case is that of P =1 — 2™,

with
5n/6

Q = H(Z*@zijﬂ—/n),

n/6
that is, the product of those factors with |1 —e?| > 1, giving the estimate

5n/6

H 2sin(jm/n).

n/6

2. Reconstructing a polynomial from the repartition of its zeros.

The result we establish now allows us to reconstruct the polynomial from the repartition function of its
zeros. It gives a converse to the result of Erdos and Turan : if |P|leo/+/|aoan| is large, the roots are not
uniformly distributed : some sectors receive more than some others, of same size.

We normalize the polynomial as before.

Let p(z,0) be the number of zeros of P in the sector {|z| <z ,|arg(z)| < |0]}.

We first establish a symbolic formula.

Theorem 2. — Let P be a polynomial written as in (1), with P(1) # 0. Then :

log|P(1)| = /%o K log |1 — ze'| dfdz. (2)

We first explain the meaning to be given to this formula.

Since P(1) # 0, there is a small neighborhood of {1}, in the complex plane, with no zero of P :
Vo={z; [l —2| <¢}. Let @ =IR% \ V., where IR = {2 ; Im(2) > 0}, V.F = {# € V. ;Im(z) > 0}. This
is an open set, depending of course of the polynomial.

The function |1 — ze®|?
also is C°°(9).

We observe that p(z,6) = 0 on V., and is a measurable bounded function on Q. Let R be large

=1+ 22 — 2z cosf does not vanish in , so log|l — ze?| is C*° in Q, and

enough, so that all roots z; satisfy |z;| < R. Then, for any 6, p(x,6) is constant for > R.

Being bounded and measurable, the function p(x,) defines a distribution in the space D’(Q2), and so
has a derivative, in the distribution sense, g—‘;(x, 0). This derivative is compactly supported in €, by what
we just said. Also, obviously, % is compactly supported in €, and therefore belongs to &£'(Q2), space of
distributions onIR?, with compact support K C Q.

There is a canonical duality between £'(Q) and £(2) = C>(Q), and by this duality, the action :

makes sense. Formula (2) is the symbolic notation for (3).
We now turn to the proof of the Theorem.

First, we observe that we may assume that all zeros lie in the upper half- plane. Indeed, |P(1)| =
[T11—2;] =111 — 2|, so we may replace z; by its conjugate if necessary.

2
We may also assume that P has no zero at O, since a zero at O does not affect P(1), nor 8‘159 .
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Finally, we may assume that P has no zero on the real axis. Indeed, let z1, ..., 2z, be the zeros on
the real axis, zp41, ..., 2z, the others. For k > 1, let P, be the polynomial with zeros A\ = zlei/k, e
Ap = 2pe* 211, ..., 2,. Then Py has no zero on the real axis. Obviously, when k — oo, [Py (1)| — |P(1)].

Let pi be the corresponding function for P. We will see that

9%y, . *u

. 1/
9200 9200 when k — oo, in £'(Q). (4)

To prove (4), its enough to do it when P is a monomial, P = z — A\, with X real, say A > 0. Then A\ is
replaced by Ae*/*, and pup =1 if > X and 6 > 1/k, 0 otherwise.
Let ¢ € £(Q). Then :
u 0%¢
(o2 ae’¢> W 5op)

+oo ™ 2
= / 9’9 dzdf
1/k 61?89

96
= — A0
/1/k89< )do

= — ¢\, 7) + d(\ 1/k)

and when k& — oo, this last quantity tends to

82
0x00

—o(Am) +0(A,0) = ( 1 0)-

So we now prove formula (2) when all zeros satisfy Im(z;) > 0.

Since |P(1)| =[]|1 — z;|, we have, denoting by J. the Dirac measure at the point z,

log [P(1) Zlogll—ZJI = Z(cSzj,log\l—zI% (5)

in the duality £'(Q2),E(Q).
For ¢ € € with Im(¢) > 0, set arg( = o and consider the sector function :

Sc(z) = 1 if {|z| > |¢] and arg(z) > a}, = 0 otherwise.

This is the equivalent, in the complex plane, of the Heaviside function on the line, and it has a Dirac measure

as a derivative. Indeed, let’s compute gigg in D'(Q). If ¢ € D(QY), we have :

2S¢ [o0)
[e’e) s 62¢
= /0 / SC@ 50 dxzdf
-/, / i e
= o(I¢l; @) = o(I¢], m).-
But ¢(|¢],7) = 0 since ¢ € D(£2), so we obtain :
*Se 5
9xo — ¢

as we announced.



Let’s come back to the polynomial. We have :

:u‘(z79) = ZSZJ' ($,9)7

which gives :

substituting in formula (5) gives the result.

Theorem 2 can be translated into a result using only the function wp(z,8) itself, and not its derivatives
anymore. Let R be, as before, the radius of any disk, centered at O, containing all the zeros of P. Then :

Theorem 3. — Let P be a polynomial written as in (1), with P(1) # 0. Then :

log |P(1) / / (x,0)( )| 51n919|4 dxdf

R
7/ (R, 0) Rsinf def/ w(x, O)drf/ p(z,m) d
0 |1_ 67’9|2 0 1_.'1; 0 1“1‘.'1;
— u(R,0)log |1 — R| + nlog(l + R).

Proof. — The result is deduced from Theorem 2 after two integrations by parts. In order to justify them, we
observe that the distribution % has its support in D(O, R) ; the integration would be justified if, instead
of log|1 — z¢*| we had a function ¢(z,6) with compact support in D(O, R) N Q.

So, for € > 0, we take two functions g.(z) and h.(0), with g. € D(]0,R]), he € D(]0,7[), 0 <
g <1,0<h.<1,and g. =1 on [e,R—¢], h. =1 on [g,7 —¢]. We then replace log|l — ze?| by
)|

ge(x)he(0)log |1 — ze*’|, and we can now perform the integration by parts. We finally let ¢ — 0.

The meaning of Theorem 3 is especially simple for polynomials having all their zeros on the unit circle.
For such a polynomial, we put v(0) = p(1,0), 0 < @ < 7 : this is the number of zeros satisfying |arg z| < 6.
Then :

Theorem 4. — Let P(z) = [[{(z — z;) be a polynomial with all zeros on the unit circle and P(1) # 0.
Then : .
log|P(1)| = —% / v(0) cot(6/2) df + nlog?2.
0
This formula implies a reciprocal to the result of Erdés and Turan mentioned above. Indeed, it shows
that if |P(1)] is large, not too many zeros can be too close to 1, and thus there is an angular sector which
receives less zeros than it would, if the zeros were equidistributed. Precisely, we have :

Proposition 5. — Let P be as in Theorem 4. Then, for every « € [0, 7],

log |P(1)| — nlog?2
log sin(a/2) ’

via) <

Proof. — We just write, using Theorem 4 :

n

v(a) /Wcot(9/2)d0 < /7r v(0)cot(0/2)df < 2log —— ROE

If the roots were equidistributed, the number in the sector 8] < a would be an/m. But we have

log(2"/|P(V))) _ an

log 1/ sin(/2) T

if, for given «, |P(1)| is large enough.



Let’s take an example. Let P(z) satisfy |P|loc > 2%*/. Then Proposition 5 shows that the number
of zeros in the sector |f] < 7/3 is smaller than n/4 ; in case of equirepartition, it would be n/3.

Let’s give a second application of Theorem 4 :

Proposition 6. — Assume that P is as in Theorem 4, the roots written in the order of |0y| increasing.

Then, for all k=1,...,n,
[P()[M*
on/k

Proof. — We observe that v(0;) =k, for all k=1,...,n. So we have :

< sin(|6k|/2) .

v

/7T v(0) cot(6/2)do /Tr v(0) cot(6/2)do
0 |

Ok
™

k cot(6/2)do
04

— 2k logsin(|0k|/2),

%

\%

and therefore,
log|P(1)] < klogsin(|0x|/2) 4+ nlog2,

which gives our formula.

This Proposition shows that if |P(1)| is large, |0x|/2 must be close to /2, or |0k| close to 7, which
means that most roots are close to —1.

A formula, similar to that of Theorem 4, holds for polynomials having all their zeros in the interval
[—1,1] of the real axis. For —1 < < 1, let p(z) be the number of zeros in the interval [x,1[. Then :

1
log|P(1)| = _/ PO 44 nlog.
11—z
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