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Abstract. — We deal here with homogeneous polynomials in many variables and their hypercube represen-
tation, introduced in [5]. Associated with this representation there is a norm (Bombieri’s norm) and a scalar
product. We investigate differential identities connected with this scalar product. As a corollary, we obtain
Bombieri’s inequality (originally proved in [4]), with significant improvements.

The hypercube representation of a polynomial was elaborated in order to meet the requests of massively
parallel computation on the “Connection Machine” at E.T.C.A. ; we see here once again (after [3] and [5])
the theoretical power of the model.
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1. The hypercube representation and Bombieri’s norm.

Let
P(l‘l,...,IN) = Z g x‘fl...x‘llvN (1)
la]=m
be a homogeneous polynomial in N variables x1, ...,y , with complex coefficients and degree m. Here, as
usual, we write a = (aq,...,an), |a| =a1 + -+ an.
For any 41,...,0m, 1 <i3 < N,...,1 <4, < N, we define, as in [4] :
1 o™ P
Cityorim = e (2)

m! dx;, -0y,
and by Taylor’s formula, we have :

N
P(zy,...,2n) = Z Cityonsim Liy """ Ly (3)

i1, yim=1

which is called symmetric form of the polynomial.
For a polynomial P of degree m, Bombieri’s norm is defined as (see [4]) :

1/2
N /

[Pl = Do feiinl® : (4)

i1, yim=1

We usually omit the subscript (m) but it should be clear that the norm depends on the degree of the
polynomial.

As explained in [5], both (3) and (4) have a geometric description, by means of the hypercube repre-
sentation of the polynomial : in the hypercube [0,1]™, we define the N™ points M;, with coordinates
i1/N,..., im/N, (1 <i3 <N,...,1 <4, <N). Wenow put each coefficient ¢;,, . ;

ing point M;,

seenslm

onto the correspond-

m

: this operation is called representation of the polynomial on the hypercube. Bombieri’s

ceylm

norm appears as the canonical l5-norm associated with this representation.
If we start with any polynomial P given as in (1), it can be written in many ways under the form

N
P(l’l,...,(EN) = Z bil,..‘,im (Eil "'(Eim s (5)

i1y =1

but the symmetric representation (3) has a particular property, as the following Proposition shows (it was
communicated to us by Christian Millour) :

Proposition 1. — Among all representations of P of the form (5), the symmetric one (3) is the one for
which the ly-norm is minimal.

Proof. — For any i1,...,4y,, if o is a permutation of {iy,...,4,,}, we have
Zba(il),..‘,a(im) = an(il),..‘,o(im) ;
[od g

and Co(i),....0(i;n) = Ciy,...sir, fOr any o. Therefore, the proposition follows from the observation that, if (a;)
are any complex numbers with fixed sum, 3 |a;|? is minimal when all the a;’s are equal.
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2. The associated scalar product.

Canonically associated with Bombieri’s norm [ ] there is a scalar product : if P, @) are two

(m)?

homogeneous polynomials with same degree m, written in symmetric form as
N

P(xla'“axN) = E Ciyyeryimn LTig " Ty s

015 nstm =1
N

Q(xlv"'va) = Z dily---yim, Ly " Ly s

i1yeeytm =1

then we set :
N

[R Q} (m) — Z Cityerryim Eil,...,im-

i1, yim=1

This scalar product appears already in Bruce Reznick [10], where the following result can be found :

Proposition 2. — Let b = (b1,...,by) and define &, = byjx1 + -+ + byaxn. Then, for any homogeneous
polynomial P with degree m :
P(by,...,by) = [P, 537”}.

Proof. — We just observe that &;"™ can be written in symmetric form
N

6 (T, aN) = Z biy -+ bi,, Tiy T, (6)

i1yeeyim =1
and the result follows. This result justifies the notation “d,”, since this polynomial behaves as a Dirac
measure for this scalar product.

As we did for the norm, we usually omit the subscript (m) in the notation of the scalar product and
write simply [P, Q] , but one should remember that P and ) must be of the same degree (or are considered
s0), and that the scalar product depends on that degree.

We observe that, in order to define the scalar product, only one of the polynomials needs to be written
in symmetric form :

Proposition 3. —Let P =5 x4, -+ x;,, be written in symmetric form (3), and

i1 vy Citensim
Q = : : dj1y~~~7j7nxj1 o .'/I:jrn
ﬁr“Jm
be any homogeneous polynomial of degree m (the d’s need not be invariant under permutation of indices).

Then :
[RQ] = Z Cil,...,imdil,...,im~

1 eeerim
Proof. — Let
Q= D dj e,
Jiredm
be the symmetric form of Q. Then

[P7Q] = Z Cil,uwimdély--vim' (7)

i1,eeesbm
But )
/ —_— . .
djla-*wjnz - % Z d]a(l)r'-v]o'(m)
‘T oeS,
where S, is the group of permutations of {1,...,m}. Substituting into (7) and taking into account the

symmetry of the ¢’s, we obtain the result.
We now investigate a few special situations :



Proposition 4. — Let Py, ..., Py be homogeneous polynomials in N variables x1, ..., xx, with degrees
mi, ..., mg. Let m = mq + -+ + my, and let also q1,...,q, be homogeneous polynomials of degree 1.
Then :

|:P Py o,q1- = ' Z Py, qo(1) " 'qa(ml)] X X [Pk7 9o(m—mp+1) " 'qa(m)]7

where o runs over all permutations of {1,...m}.

Proof. — For i =1,...,m, we write
N
=Y ayay
j=1

and we obtain a symmetric representation of g1 - - - gy, :

1
q1- " qm = E E E q1 Z,,(l) Qm,ia(m) MO IR & P

W15y =1 g
This can also be written :
1
q1 - qm = ﬁ Z Z QJ(I),zl "'qa(m),im Liy Ty, -
Him=1 O

Now, we write each P; under the form

Z C X]J

where Ij = {im,_,11,...,im,}, and Xy, stands for z;,, ., -z, -
Then a non-symmetric representation of P --- Py is given by

PPo= Y &V xp Xy,
Iy de

Using Proposition 3, we find :

1
[Pl c Pka qi- - Qm] = Z Z c(li) Cy:) qa(l),zl o 'qa(m),im

1 _
= 1 X Ty <

: CIk qO’ 7” mk+1)717n mp+1 o .qO-(m)ﬂ.Tn)

1

- m! Z [Pl’qo(l) ’ "qo(ml)} [kaqo(m—mk+1) : "QO(m)L

which concludes the proof.

This proposition has several corollaries (which of course have direct proofs) :

Corollary 5. — Let p1,...,Pm, q1,---,qm be two sets of homogeneous polynomials of degree 1, with

variables x1,...,xx. Then :

1
[pl'-'pm,Qr"Qm] = ol Z [p1,qg(1)] [pvmqa(m)])
oESH

where o runs over the set Sy, of all permutations of {1,...,m}.

In the next corollary, we give an expression of the scalar product of two polynomials in one variable z,

with same degree m. This expression uses the zeros of both polynomials :
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Corollary 6. fLetP:(z—al)--~(z—am) Q=(z—0b1) (2 —bp). Then :

[ — Z 1+a1b 1) (1+amgg(m))7
JES
where o runs over the set S,, of all permutations of {1,...,m}.

This corollary is an obvious consequence of Corollary 5. We identify the one-variable polynomial z — a
with the homogeneous two-variable polynomial z — az’.

An expression of [P, Q] , using the zeros of P and @, was already given by Y. Legrandgérard [8]. It
differs from this one, and is more complicated.

3. The multi-linear functional associated with a many-variable polynomial.

Let P be a homogeneous polynomial in N variables. Then, Littlewood’s theory associates to it a
multi-linear form L on €V x --- x €V, by the formula
1 1
L(ZzW, ... zMm)y = — — Z €1 Em X

ml 2m
€15..0,Em==x1

m

Z e 2, Z (8)

where each Z() stands for (ij), ce Zﬁ)).
That fact that L is indeed multi-linear is not a priori clear ; a proof can be found in S. Dineen [6]. But
this fact will become obvious once we establish :

Proposition 7. — The form L coincides with the multi-linear form generated by the hypercube, that is :
N

LizM,.... 2y = N ey, 202 ()

im

Since quite obviously L; is linear with respect to each variable, the same will be true for L.

Proof. — If in (8) we write P under symmetric form (3) and substitute, we get :
N

1
L(zW, ... zm) = o Z £1- - Em Z Ciroinn X
E14eney em==%1 1y sim=1
m
X (Z €5 Z(j) ZE Z
j=1
1 N
)
= o 2 Ciein 2 Zea n Zé‘y Z])).
’ 015 ytm =1 €1, ,Em==%1

Using Rademacher functions (see for instance [2]), this can be written more blmply :
R L )
— J
D ey Zm Zr Oz,
81 yeenstm =1
We expand all products and observe that all terms have mtegral 0, except those which give r2(¢)---r2 (t) :

these ones have integral 1. This way, we obtain :

1 N
L= m! Z Z Ciy,... im Zi(lul) .. Zz(17i¢yL) ’

U i igy=1
where u = (uy,...,uy) runs through all permutations of {1,...,m}. We rewrite
Z(ul) Z(um) — Z(l) .. Z(m)

)
11 Tm Tu—1(1) Lu—1(m)

and use the fact that ¢; = ¢;,,...i, and obtain the result.

“ly “’1(771)



As an example, the polynomial P(z1,7s) = 23 — 327 x5 + 23 gives in symmetric form z3 — (12172 +

T12T9%1 + Tox121) + x%, and the associated tri-linear form is :
L(zW, 723 70 = ZPZPZF’) _ (Z(l) (2)2(3) +Z£1)Z2(2)Z£3) +Z§1)Z§2)Z£3))
+ Zz0 2P 7y

As pointed out to us by Andrew Tonge, the above proposition is known to the specialists of the multi-
linear functional, though we could not find a published proof. Moreover, it does not seem to provide any
quantitative improvement of the results on the norm of the multi-linear functional, obtained originally by
Banach and completed by various authors (R. Aron - J. Globevnik [1], L. Harris [7], Y. Sarantopoulos [11],
I. Zalduendo [12]).

4. Differential identities.

Let’s come back to scalar products. The basic observation (already made by Bruce Reznick in [10]) is
that multiplication by a variable on one side becomes derivation on the other side. Precisely, we have :

Lemma 9. — If P is of degree m — 1 and @ of degree m :

1 oQ
[21P, Q] (m) ey [P Oy ](m 1)
Proof. — Of course, it’s enough to prove the formula When P, @Q are monomials, say P = z{"--- a4}/’ (with

la| =m —1), Q—x?l- 255 (with (|8 = m). Then

[le’ Q} (m) — [z(lxﬁ_l xy® - ay, xfl : ‘TJﬁVN}(m)
and this is 0, except if f1 = a1 + 1, B = ag,...,0n = an, in which case the value is
B .Bn12 Brl- 5N
k3 TN ](m) - T
Similarly,
oQ o Br-1_3 s
[P, 871]<m_1) = a2l By eyt
is 0, except if ay =1 — 1, ag = Pa,...,any = BN, in which case the value is
2 o a1!~-~aN! N ﬁllﬁN'
Bl 2 oy = B (m—-1)! — (m—-1)! "’

the result follows.

Corollary 10. — (Transposition of a linear factor) Let P be of degree m — 1 and Q be of degree m. Then

1 0
()Pl = 5 P w550

If P and Q are one-variable polynomials (with the identification between Y0" a;2/ and 30" a;272"™"7),

the polynomial a + a BQ, is the homogeneous version of the polynomial mQ(z) + (a — 2)Q’(z), which
is called the polar derwatwe of @ at the point a (cf. Marden [9]) and denoted by Q1(a,z). So, for one
variable polynomials, the above formula becomes

[(az +1)P, Q} m) = % [P, Q1 (@, z)] (m_1) -
From Lemma 9 will follow several differential identities. In order to state them, we recall the following
definitions, which are standard in P.D.E.
If P(z1,...,2Nn) =D aqx]" - 23" is a polynomial, the associated differential operator is

P(Dy,...,Dy) =Y agD{* - DY
0
where D, stands for e This operator is usually written simply P(D), with D = (Dy,...,Dn). We

€L
orp
instead of

P d 11
and more genera i _.
81'1 & y otk (’hil s altik

write simply P; instead of —



We also define
* _ = & anN
P*(zq,...,zn) = E (e 27"}

|a]=m
A simple generalization of Lemma 9, also stated by Bruce Reznick [10], is :

Lemma 11. — Let P, Q, R be homogeneous polynomials, with deg P = p, deg@Q = ¢, deg R = r, with
r=p+q. Then :

_ ¢ .
[PQ. R, = 5 [Q. P(D)E] -
We can now state the most general form of the differential identities.

Theorem 12. — Let P, @, R, S be four homogeneous polynomials, respectively of degree p, q, r, s, with
p+q=7r-+s. Then

[PQ, RS] =

(p+q)
(p+q)!kz>o k! . Z . B D)Q: Pt (D)) gy
= 11yl =

We observe that in this sum the terms are 0
—if k>p (since P}, =0),
—if k>r (since Rf, , =0),
—if r—k >gq (since R}, (D)Q=0) and

—ifr—k:>s(s1nceP* (D)S =0).

Tl geney ’L),

We will give two proofs of the theorem : the first one is longer but more transparent, the second one
shorter and less transparent.

First proof. We have if, P =) ¢;,

[PQ,RS] = Z Z Cirpomiip s, [T s, Qy @y, w5, S|

1

- 0
= p+q Z Z Ciq,..., ipdjl ----- Jr [xlé“'xina %(xﬁ T Ty, S)}p—&-q—l )

Ulseenslp J1s-]r

by Lemma 9.

We now need a lemma which describes the exchange between a multiplication and a derivation.

Lemma 13. — For all homogeneous polynomials R, ) with same degree,
oQ
el 5] = (Se) [0+ Teulk 25
i,J

Proof of Lemma 13. We have simply

Sk gm@@] = XY ey [R5 @Q)] + YR 5-,0)

Joi#d

0
ZZQJ R T; aQ =+ ch’j[R’ Jij%Q‘FQ],
j i J J

and the Lemma follows.



We observe that the statement of this lemma is quite similar to what one gets, computing a derivative
in the sense of distributions : a derivative plus a jump. The similarity is quite natural : here also, we have
a derivative inside a duality.

Let’s now return to the proof of Theorem 12.

Using Lemma 13, we find :

I:PQ’RS - p+q Z Z Czl* Sip 7'1J2’ 7j'|:x7;2...xip Q’ x]Zm]T S]

21, ,lpjg, Jr

0
E Y " Civigys.y [T i, @, Tjr g (T @, S)]
i1

<olbp J1seeesdr

p+q

Repeating the process, we get :

= p+q E E Cirrooviiplin oo [Tig -~ Ty Qy Tjy -+ 25, S|

11, Jp 325 5dr

+ Z Z Ciy iy J1 ]T[x12'..xip Q, le.'.xjrsil]'

p+q cip g1

In order to argue by induction, we define

E : E : Ciy,... 1 R TER T, Mp

U1yeeslp Ji41se-

X [zipfkﬁ»l e zinv Ligr " Ljp Siz+1,---7ip7k]

In this notation, | stands for the numbers of “links” between the ¢’s and the d’s, that is the number of
indexes appearing in both, and £ stands for the number of variables before @ (from z;,_,,, to z;,). We
observe that [PQ, RS] = L(0,p).

Then, the same computation as above, using Lemma 13, yields the induction formula :

r—1 1
Lil+1,k—-1)4+——L(,k—-1).

L(Lk) =
From this formula, we deduce by induction on j that, for all j :

20p) = LD (1) (-4 1) LG )

 (rtr-veetr- i 26 - 1p-)



Taking j = p, we get :

L(0,p) = - .(T(Tfl)"'(?”*p+1) L(p,0) +---+ <];)7‘~~~(7’l+1) L(1,0)+
T (113

)7‘ L(1,0) + L(0,0)).
But, for every [ :

E : E Ciq,nyip di1,-~~,iz,jz+1,-~7jr [Qv Ljipq =" Ly Sil+17---7ip]
U1 yeenslp Jl41seendr
and by Lemma 9 :

q—r+l
E E Ciy,y.oyip 7/17 STl 1y [Q]L+1 Jrs ’Ll+17-~~yip}

i1, 77fp Jig1sdr

(g—r+1)! - _
= Z [ Z dil""’il’jl+1"~'7j7‘ le+1w~~1jr’ Z Ci17‘“77‘.pSil,+17~~sip}

|
N R i1 seeip
(q—r+D! (r=0! (p—1) .
- q' r! p| Z l:Ri1,.. i ( )Qv 117 (D)S]
T] yeeeyl]

Substituting each L(I,0) into L(0,p) above yields the announced result.

Second proof. — Using Euler’s formula, we can write P = % > x;P;, and thus :

1 1
[PQ,RS] = EE:LQBQ,RQ = R?igjz:ﬁﬂ&(RSM.

i
Repeating this process on P;, we get :

(r+s—p)

POBS| = S

Z [Piy,.iy @, (RS)iy,.i]-

7;1>~~7ip

We now study the derivative (RS);,,...i,. Let 7, be the set of partitions of {1,...,p} into two subsets. If
u, v are two such subsets, we let k be the number of elements in w, k' the number of elements in v (of
course k + k' = p). We also write u(j) for the j-th element of w, v(j’) for the j'-th element of v. Then :

(RS)ilvnvip = E : Riu(l)a“~7iu(k) Siv(l)v"‘viv(k’)'
(u,v)eTH
Therefore :
[PQ,RS] = erq E : E 11, JpQ7 Tau(1) -5 (k) Sivu),u-’iv(k/)]'

i1, n0p (U, U)E‘rp
Repeating the same argument, we get :

g (q—1+ k)
PQ1S) = vy 2 2 iy

(u,v)ETp t1,---50p

X Z I:(Pil,...,iPQ)jk+1y~~~7j7'7 Riu(l)a”’yiu,(k)jk“l»l7~~~7j'r' Si'u(l)v"')iu(k/):l-

Jk+1s--esdr



But P; is a scalar, and therefore :

g (q—7r+k)!
PQ.RS] = — L g-r+k&
[PQ, RS] py(p+q)!(u§w§p r— kgl

X E [Pi17-~;injk+17~~7jM Riu(l))“'77;u(k)jk+17"~)j7' Sivu),uwiv(k/)]

Jkt1see5Jr

Py lp

Since both P, ; and R;

7/1;(1)7"~:iu(k)).jk+1:~~~7j'

B fr+k
a p+q 2 §:

(u,v)ETp P15,

X E r Tau(1) -+ -sbu (k) s Tk 1seeosTr QMH 1'1,---71'17 Si’u(l)v"'viv(k,)}

are scalars, this is also

Tkt1seeesdir
1 (g —r+k)
- ora X omer X
Pip+a) (u,v)eTp (r ) Tu(1)see s tu k)
[ Z Eiu(l),...,iu<k)’jk+17...-,jr ij+17»--7jr’ Z Fil""’i’] Si“(l)’m’i”(kl)]?
Jkt1yeeesdr RCERRTS
1 (g—r+k)!
= ST 2 ooEn S
p(p+ Q) (u,v)eTH (T kj)
X Z [( k)! RZL(U ..... iu(k)(D)Qv (p—k)! Pii(l) ----- iu<k>(D)S]

T (1) sbu(k)

1
= ——— Y (q-r+Rlp-k > [R . (DQ, P, (D)S]
p'(p T q)' (u,v)eTH 11,0000k
1 P
= m Z <Z) q—r+k)(p—Fk)! Z [Rfl, L (D)Q, Pz’i,...,ik(D)S]v
’ " k=0 1150yl

which gives :

Po.ns] = 1 S USE S (R 0@, P )]

=0 11550k
and concludes the second proof.
Taking P=R, Q@ =S (thus ¢ =s, p=7r), we deduce immediately :

Corollary 14. — For any homogeneous po]ynomia]s P, Q of degree p and q respectively :

Since all terms on the right-hand side are positive, we deduce, taking k = p :

QP > —L 3 [P (D)Q]

~ oW,
But Pz*lzp =p! Ciy,...;ip 18 just a constant. So :
S P (DQ = 9 Y .., P[Q) = p? [P)7[Q)7,
11,e0ylp i1yerip

and we deduce

Pa* > L (1)

which is Bombieri’s inequality [4].



Using Bombieri’s proof in [4], J.L. Frot observed that the quantity Y, [P;Q, PQ;] was real and positive.
We deduce a stronger statement from Theorem 12 :

Theorem 15. — For all homogeneous polynomials P, @), with degree m and n respectively, we have :

N

Z”‘m” m-% S [P .(D) Q)

i1y ip=1

> [PQ, PQ]

m+n

Proof. — We set (P, Q) =>_ [PiQ, PQJ . Then an immediate computation shows that

N
e(P.Q) = m(m+n) [PQ]* =3~ [PQ]" (10)

| 4 A S T
(m+mn) pors k! W
but
(Pl)ll, ﬂk—l(D) = Ph )ik 1,i(D)7
and thus
m " (n—m+k) . 2
o(P,Q) = (m+n—1)! k! Z [ i1, ,zk(D)Q]
k:O il ..... ik
" (n—m+k) . 2
- Z T Z [P i a(D)Q],
k=1 i,il ..,i),;_1

which gives the result.

The previous results are algebraic identities. They have analytic consequences, which are quantitative
estimates, obtained by means of inequalities. These estimates will be the object of forthcoming papers.
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